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Abstract
Let Rn be the n-dimensional Euclidean space with O as the origin. Let ∧ be a
lattice of determinant 1 such that there is a sphere |X| < R which contains no point
of ∧ other than O and has n linearly independent points of ∧ on its boundary. A




n/4 contains a point of ∧. This is known to be true for n ≤ 8. Here
we prove a more general conjecture of Woods for n = 9 from which this conjecture
follows in R9. Together with a result of C. T. McMullen (2005), the long standing
conjecture of Minkowski follows for n = 9.
MSC : 11H31, 11H46, 11J20, 11J37, 52C15.
Keywords : Lattice, Covering, Non-homogeneous, Product of linear forms, Critical
determinant.
1 Introduction
Let Li = ai1x1 + · · ·+ ainxn, 1 ≤ i ≤ n be n real linear forms in n variables
x1, . . . , xn and having determinant ∆ = det(aij) 6= 0. The following conjec-
ture is attributed to H. Minkowski [18]:
For any given real numbers c1, . . . , cn, there exists integers x1, . . . , xn such
that
| (L1 + c1) · · · (Ln + cn) |6 1
2n
| ∆ | . (1.1)
Equality is necessary if and only if after a suitable unimodular transformation
the linear forms Li have the form 2cixi for 1 ≤ i ≤ n.
∗The author acknowledges the support of CSIR, India. The paper forms a part of her
Ph.D. dissertation accepted by Panjab University, Chandigarh.
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It is obvious that equality occurs in (1.1) for the cases mentioned in the
conjecture.
This result is trivial for n = 1. For n = 2, a proof was first given in 1899
by Minkowski. Several mathematicians such as Mordell, Landau, Perron,
Pall, Macbeath, Sawyer, Cassels have obtained a variety of proofs, partly in
an effort to find a proof which would generalize to higher dimensions. For
a detailed history, see Gruber and Lekkerkerker [9], Bambah et al [1] and
Hans-Gill et al [11]. Minkowski’s conjecture has so far been proved for n ≤ 8.
For n = 3, following three approaches have been tried:
I. Remak-Davenport Approach.
II. Birch and Swinnerton-Dyer Approach.
III. DOTU-matrix Approach by Narzullaev.
Only the Remak-Davenport Approach has been successfully extended to give
proofs for 4 ≤ n ≤ 8. It consists of proving the following two conjectures:
Conjecture I. For any lattice Λ in Rn there is an ellipsoid E : a1x
2
1 +
· · ·+ anx2n < 1 which contains no point of Λ other than O but has n linearly
independent points of Λ on its boundary.
Conjecture II. If Λ is a lattice of determinent 1 and there is a sphere |X| <
R which contains no point of Λ other than O and has n linear independent
points of Λ on its boundary then Λ is a covering lattice for the closed sphere
of radius
√
n/2. Equivalently every closed sphere of radius
√
n/2 lying in Rn
contains a point of Λ.
In 2005, McMullen [17] proved Conjecture I for all n ≥ 3, using a result
of Birch and Swinnerton-Dyer [4]. So to prove Minkowski’s Conjecture, it
is enough to prove Conjecture II, which is known to be true for n ≤ 8.
For a detailed history of these conjectures, see Hans-Gill et al [11], [13].
Using stable lattices, Shapira and Weiss [20] have given a different proof of
Minkowski’s Conjecture for n ≤ 7.
Here we shall prove Conjecture II for n = 9, thereby proving
Minkowski’s Conjecture for n = 9.
Woods [22], [23] formulated a conjecture from which conjecture-II fol-
lows immediately. To state Woods’ conjecture, we need to introduce some
terminology :
Let L be a lattice in Rn. By the reduction theory of quadratic forms
introduced by Korkine and Zolotareff [16], a cartesian co-ordinate system
may be chosen in Rn in such a way that L has a basis of the form
(A1, 0, 0, . . . , 0), (a2,1, A2, 0, . . . , 0), . . . , (an,1, an,2, . . . , an,n−1, An),
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where A1, A2, . . . , An are all positive and further for each i = 1, 2, . . . , n any
two points of the lattice in Rn−i+1 with basis
(Ai, 0, 0, . . . , 0), (ai+1,i, Ai+1, 0, . . . , 0), . . . , (an,i, an,i+1, . . . , an,n−1, An)
are at a distance atleast Ai apart. Such a basis of L is called a reduced basis.
Conjecture III (Woods): If A1A2 · · ·An = 1 and Ai 6 A1 for each i then
any closed sphere in Rn of radius
√
n/2 contains a point of L.
Woods ([21], [22], [23]) proved this conjecture for 4 6 n 6 6. Hans-Gill et al
[10] gave a unified proof of Woods’ Conjecture for n 6 6. Hans-Gill et al ([11],
[13]) proved Woods’ Conjecture for n = 7 and n = 8 and thus completed the
proof of Minkowski’s conjecture for n = 7 and 8. While answering a question
of Shapira and Weiss [20], the authors along with Hans-Gill [15] have given
another proof of Woods’ Conjecture and hence of Minkowski’s Conjecture for
n ≤ 7. Hans-Gill et al ([12], [14]) have obtained estimates to Conjectures
of Minkowski and Woods for 9 ≤ n ≤ 31. In particular they have proved
the weaker result that if hypothesis of Conjecture III holds, then any closed




contains a point of L.
Here we shall prove
Theorem. Conjecture III is true for n = 9.
As remarked earlier, this implies Minkowski’s Conjecture for n = 9.
2 Preliminary Lemmas
For a unit sphere Sn with center O in R
n, let ∆(Sn) be the critical determinant
of Sn, defined as
∆(Sn) = inf{d(Λ) : Λ has no non-zero point in the interior of Sn},
where d(Λ) denotes the determinant of the lattice Λ.
Let L be a lattice in Rn reduced in the sense of Korkine and Zolotareff and
A1, A2, . . . , An be defined as in Section 1. We state below some preliminary
lemmas. Lemmas 1 and 2 are due to Woods [21], Lemma 3 is due to Korkine
and Zolotareff [16] and Lemma 4 is due to Pendavingh and Van Zwam [19].
In Lemma 5, the cases n = 2 and 3 are classical results of Lagrange and
Gauss; n = 4 and 5 are due to Korkine and Zolotareff [16] while n = 6, 7 and
8 are due to Blichfeldt [5].
Lemma 1. If 2∆(Sn+1)A
n
1 ≥ d(L), then any closed sphere of radius
R = A1{1− (An1∆(Sn+1)/d(L))2}1/2
in Rn contains a point of L.
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Lemma 2. For a fixed integer i with 1 6 i 6 n− 1, denote by L1 the lattice
in Ri with the reduced basis
(A1, 0, 0, . . . , 0), (a2,1, A2, 0, . . . , 0), . . . , (ai,1, ai,2, . . . , ai,i−1, Ai)
and denote by L2 the lattice in R
n−i with the reduced basis
(Ai+1, 0, 0, . . . , 0), (ai+2,i+1, Ai+2, 0, . . . , 0), . . . , (an,i+1, an,i+2, . . . , an,n−1, An)
If any sphere in Ri of radius r1 contains a point of L1 and if any sphere




1/2 contains a point of L.
Lemma 3. For all relevant i, A2i+1 ≥ 34A2i and A2i+2 ≥ 23A2i .
Lemma 4. For all relevant i, A2i+4 ≥ 0.46873A2i .






3/8, 1/8 and 1/16 for n = 3, 4, 5,
6, 7 and 8 respectively.
3 Plan of the Proof
We use the notation and approach of Hans-Gill et al [13] but our method of
dealing with various inequalities is somewhat different. We assume that Con-
jecture III is false for n = 9 and derive a contradiction. Let L be lattice satis-
fying the hypothesis of the conjecture for n = 9 i.e. A1A2 · · ·A9 = 1 and Ai 6
A1 for each i. Suppose that there exists a closed sphere of radius
√
9/2 in R9
that contains no point of L. Write A = A21, B = A
2
2, C = A
2
3, . . . , I = A
2
9.
So we have ABCDEFGHI = 1.
If (λ1, λ2, · · · , λs) is an ordered partition of n, then the conditional inequal-
ity arising from it, by using Lemmas 1 and 2, is also denoted by (λ1, λ2, · · · , λs).
If the conditions in an inequality (λ1, λ2, · · · , λs) are satisfied then we say that
(λ1, λ2, · · · , λs) holds.
For example the inequality (1, 1, 1, 1, 1, 1, 1, 2) results in the conditional
inequality :




Since 4H − 2H2/I ≤ 2I, the second inequality in (3.1) gives
A+B + C +D + E + F +G+ 2I > 9. (3.2)
One may remark here that the condition 2H ≥ I is necessary only if we
want to use inequality (3.1), but it is not necessary if we want to use the
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weaker inequality (3.2). This is so because if 2H < I, using the partition
(1, 1) in place of (2) for the relevant part, we get the upper bound H + I
which is clearly less than 2I. We shall call inequalities of type (3.2) as weak
inequalities.
Sometimes, instead of Lemma 1, we are able to use the fact that Woods
Conjecture is true for dimensions less than or equal to 8. The use of this
is indicated by putting ∗ on the corresponding part of the partition. For
example, the inequality (5∗, 4) is
if F 4ABCDE ≥ 2 then 5(ABCDE) 15 + 4F − 1
2
F 5ABCDE > 9, (3.3)
the hypothesis of the conjecture in 5 variables being satisfied.
We observe that the inequalities of the type (3, 1, 1, · · · , 1), (2, 1, 1, · · · , 1),
(1, 2, 1, · · · , 1), (1, 2, 2, 1, · · · , 1), (3, 2, 1, · · · , 1) etc. always hold.
We also observe that for positive real numbers X1, · · · , Xk we have X1 +
· · ·+Xk ≤ (k − 1) +X1 · · ·Xk if either all Xi ≤ 1 or all Xi > 1.
Throughout the paper we shall use the following notation:
a = A− 1, b = |B − 1|, c = |C − 1|, d = |D− 1|, e = |E − 1|, f = |F − 1|, g =
|G−1|, h = |H−1|, i = |I−1|. Also we can assume A > 1, because if A ≤ 1, we
must have A = B = C = D = E = F = G = H = I = 1. In this case Woods’
Conjecture can be seen to be true using inequality (1, 1, 1, 1, 1, 1, 1, 1, 1). Also
it is known that A ≤ γ9 < 2.1326324(See [6],[7]).
Each of B,C, . . . , I can either be > 1 or 6 1. This give rise to 28 =
256 cases. The case where each of B,C, · · · , I is > 1 does not arise as
ABCDEFGHI = 1. Cases whereH > 1, I ≤ 1 or where G > 1, H ≤ 1, I ≤
1 do not arise (see Propositions 1 and 2 of [13]). This settles 64 + 32, i.e. 96
cases. Cases in which B ≤ 1 and at most two out of C,D,E, F,G,H, I are
greater than 1 also do not arise (see Proposition 3 (i) of [13]. ) This settles ad-
ditional 18 cases. Also the cases in which exactly one of B,C,D,E, F,G,H, I
is ≤ 1 do not arise (see Lemma 5 (i) of [13]). This settles 7 more cases. The
remaining 134 cases are listed in Table 1. The inequalities used to get a
contradiction for some easy cases are also listed in Table 1.
In Section 4 we have discussed 111 easy cases. Out of the remaining 23
cases, 18 cases are somewhat less difficult and have been dealt in Section
5. The 5 most difficult cases are dealt with separately in Section 6 which
constitute almost half of the length of the paper. We would like to remark
that in many cases there are alternative ways of proof using different set of
inequalities. We have chosen to describe the method which we find conve-
nient.
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Remark 1. In this paper we need to maximize or minimize frequently func-
tions of several variables. While doing this we shall find it convenient to
name the function involved as φ(x), ψ(y) etc. to indicate that it is being re-
garded as function of that variable and other variables are kept fixed. When
we say that a given function of several variables in x, y, · · · is an increas-
ing/decreasing function of x, y, · · · , it means that the concerned property
holds when function is considered as a function of one variable at a time, all
other variables being fixed. Making use of calculus, we reduce the number
of variables one by one by replacing it with the values where it can have its
optimum value and result in several functions in at most two variables. For
functions in one/two variables, we arrive at a contradiction by plotting their
2/3-dimensional graphs using the software Mathematica.
Remark 2. Sometimes we have a function φ symmetric in a number of vari-
ables x1, x2, · · · , xr, where 0 ≤ xi ≤ a for 1 ≤ i ≤ r. We find that second
derivative of the function φ w.r.t. each variable xi turns out to be positive.
Therefore its maximum can occur at end points of the variables only. Being
symmetric, we get φ(x1, x2, · · · , xr) ≤ max{φ(0, · · · , 0), φ(a, 0, · · · , 0), · · · ,
φ(a, a, · · · , a)}, which will turn out to be at most zero for specific range of
a. Hence we find that max φ(x1, x2, · · · , xr) ≤ 0. Similarly we get that
min φ(x1, x2, · · · , xr) ≥ 2, if second derivative of the symmetric function
φ w.r.t. each variable xi turns out to be negative for 0 ≤ xi ≤ a and
min{φ(0, · · · , 0), φ(a, 0, · · · , 0), · · · , φ(a, a, · · · , a)} ≥ 2.
Table 1
Case A B C D E F G H I Proposition Inequalities
1 > > > > > > ≤ ≤ > 2(i) (1, ..., 1, 3, 1)
2 > > > > > > ≤ ≤ ≤ 24 −
3 > > > > > ≤ > ≤ > 1(i) (1, 1, 1, 1, 2, 2, 1)
4 > > > > > ≤ ≤ > > 2(i) (1, 1, 1, 1, 3, 1, 1)
5 > > > > > ≤ ≤ ≤ > 25 −
6 > > > > > ≤ ≤ ≤ ≤ 46 −
7 > > > > ≤ > > ≤ > 1(i) (1, 1, 1, 2, 1, 2, 1)
8 > > > > ≤ > ≤ > > 1(i) (1, 1, 1, 2, 2, 1, 1)
9 > > > > ≤ > ≤ ≤ > 1(iv) (2, 1, 2, 3, 1)
10 > > > > ≤ > ≤ ≤ ≤ 26 −
11 > > > > ≤ ≤ > > > 2(i) (1, 1, 1, 3, 1, 1, 1)
12 > > > > ≤ ≤ > ≤ > 1(iv) (2, 1, 3, 2, 1)
13 > > > > ≤ ≤ ≤ > > 27 −
14 > > > > ≤ ≤ ≤ ≤ > 45 −
15 > > > > ≤ ≤ ≤ ≤ ≤ 44 −
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Case A B C D E F G H I Proposition Inequalities
16 > > > ≤ > > > ≤ > 1(i) (1, 1, 2, 1, 1, 2, 1)
17 > > > ≤ > > ≤ > > 1(i) (1, 1, 2, 1, 2, 1, 1)
18 > > > ≤ > > ≤ ≤ > 1(iv) (2, 2, 1, 3, 1)
19 > > > ≤ > > ≤ ≤ ≤ 28 −
20 > > > ≤ > ≤ > > > 1(i) (1, 1, 2, 2, 1, 1, 1)
21 > > > ≤ > ≤ > ≤ > 1(ii) (1, 1, 2, 2, 2, 1)
22 > > > ≤ > ≤ ≤ > > 1(iv) (2, 2, 3, 1, 1)
23 > > > ≤ > ≤ ≤ ≤ > 29 −
24 > > > ≤ > ≤ ≤ ≤ ≤ 30 −
25 > > > ≤ ≤ > > > > 2(i) (1, 1, 3, 1, 1, 1, 1)
26 > > > ≤ ≤ > > ≤ > 1(iv) (2, 3, 1, 2, 1)
27 > > > ≤ ≤ > ≤ > > 1(iv) (2, 3, 2, 1, 1)
28 > > > ≤ ≤ > ≤ ≤ > 1(vi) (2, 3, 3, 1, 1)
29 > > > ≤ ≤ > ≤ ≤ ≤ 31 −
30 > > > ≤ ≤ ≤ > > > 32 −
31 > > > ≤ ≤ ≤ > ≤ > 33 −
32 > > > ≤ ≤ ≤ ≤ > > 42 −
33 > > > ≤ ≤ ≤ ≤ ≤ > 46 −
34 > > > ≤ ≤ ≤ ≤ ≤ ≤ 34 −
35 > > ≤ > > > > ≤ > 1(i) (1, 2, 1, 1, 1, 2, 1)
36 > > ≤ > > > ≤ > > 1(i) (1, 2, 1, 1, 2, 1, 1)
37 > > ≤ > > > ≤ ≤ > 1(iii) (3, 1, 1, 3, 1)
38 > > ≤ > > > ≤ ≤ ≤ 19 −
39 > > ≤ > > ≤ > > > 1(i) (1, 2, 1, 2, 1, 1, 1)
40 > > ≤ > > ≤ > ≤ > 1(ii) (1, 2, 1, 2, 2, 1)
41 > > ≤ > > ≤ ≤ > > 1(iii) (3, 1, 3, 1, 1)
42 > > ≤ > > ≤ ≤ ≤ > 15 −
43 > > ≤ > > ≤ ≤ ≤ ≤ 14 −
44 > > ≤ > ≤ > > > > 1(i) (1, 2, 2, 1, 1, 1, 1)
45 > > ≤ > ≤ > > ≤ > 1(ii) (1, 2, 2, 1, 2, 1)
46 > > ≤ > ≤ > ≤ > > 1(ii) (1, 2, 2, 2, 1, 1)
47 > > ≤ > ≤ > ≤ ≤ > 1(vi) (3, 2, 3, 1)
48 > > ≤ > ≤ > ≤ ≤ ≤ 2(ii) (3, 1, ..., 1), (1, 2, 2, 2, 1, 1)
49 > > ≤ > ≤ ≤ > > > 1(iii) (3, 3, 1, 1, 1)
50 > > ≤ > ≤ ≤ > ≤ > 1(vi) (3, 3, 2, 1)
51 > > ≤ > ≤ ≤ ≤ > > 35 −
52 > > ≤ > ≤ ≤ ≤ ≤ > 36 −
53 > > ≤ > ≤ ≤ ≤ ≤ ≤ 2(ii) (3, 1, ..., 1), (1, 2, 2, 1, .., 1)
54 > > ≤ ≤ > > > > > 2(i) (1, 3, 1, ..., 1)
55 > > ≤ ≤ > > > ≤ > 13 −
56 > > ≤ ≤ > > ≤ > > 13 −
57 > > ≤ ≤ > > ≤ ≤ > 10 −
58 > > ≤ ≤ > > ≤ ≤ ≤ 20 −
59 > > ≤ ≤ > ≤ > > > 16 −
60 > > ≤ ≤ > ≤ > ≤ > 17 −
61 > > ≤ ≤ > ≤ ≤ > > 18 −
62 > > ≤ ≤ > ≤ ≤ ≤ > 21 −
63 > > ≤ ≤ > ≤ ≤ ≤ ≤ 2(ii) (3, 1, ..., 1), (1, 2, 1, 2, 1, 1, 1)
64 > > ≤ ≤ ≤ > > > > 37 −
65 > > ≤ ≤ ≤ > > ≤ > 22 −
66 > > ≤ ≤ ≤ > ≤ > > 22 −
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Case A B C D E F G H I Proposition Inequalities
67 > > ≤ ≤ ≤ > ≤ ≤ > 23 −
68 > > ≤ ≤ ≤ > ≤ ≤ ≤ 2(ii) (3, 1, ..., 1), (1, 2, 1, 1, 2, 1, 1)
69 > > ≤ ≤ ≤ ≤ > > > 38 −
70 > > ≤ ≤ ≤ ≤ > ≤ > 39 −
71 > > ≤ ≤ ≤ ≤ ≤ > > 41 −
72 > > ≤ ≤ ≤ ≤ ≤ ≤ > 40 −
73 > > ≤ ≤ ≤ ≤ ≤ ≤ ≤ 2(ii) (3, 1, ..., 1), (1, 2, 1, ..., 1)
74 > ≤ > > > > > ≤ > 1(i) (2, 1, 1, 1, 1, 2, 1)
75 > ≤ > > > > ≤ > > 1(i) (2, 1, 1, 1, 2, 1, 1)
76 > ≤ > > > > ≤ ≤ > 1(v) (2, 1, 1, 1, 3, 1)
77 > ≤ > > > > ≤ ≤ ≤ 3 (2,1,1,1,3,1),(2,1,1,1,2,2)
78 > ≤ > > > ≤ > > > 1(i) (2, 1, 1, 2, 1, 1, 1)
79 > ≤ > > > ≤ > ≤ > 1(ii) (2,1,1,2,2,1)
80 > ≤ > > > ≤ ≤ > > 1(v) (2, 1, 1, 3, 1, 1)
81 > ≤ > > > ≤ ≤ ≤ > 3 (2,1,1,3,1,1),(2,1,1,2,2,1)
82 > ≤ > > > ≤ ≤ ≤ ≤ 11 (2, 1, 1, 2, 2, 1), (2, 1, 1, 2, 1, 2),
(2, 1, 1, 3, 1, 1)
83 > ≤ > > ≤ > > > > 1(i) (2, 1, 2, 1, 1, 1, 1)
84 > ≤ > > ≤ > > ≤ > 1(ii) (2,1,2,1,2,1)
85 > ≤ > > ≤ > ≤ > > 1(ii) (2, 1, 2, 2, 1, 1)
86 > ≤ > > ≤ > ≤ ≤ > 1(iv) (2, 1, 2, 3, 1)
87 > ≤ > > ≤ > ≤ ≤ ≤ 2(ii) (3, 1, ..., 1), (2, 1, 2, 2, 1, 1)
88 > ≤ > > ≤ ≤ > > > 1(v) (2, 1, 3, 1, 1, 1)
89 > ≤ > > ≤ ≤ > ≤ > 1(iv) (2, 1, 3, 2, 1)
90 > ≤ > > ≤ ≤ ≤ > > 3 (2, 1, 3, 1, 1, 1), (2, 1, 2, 2, 1, 1)
91 > ≤ > > ≤ ≤ ≤ ≤ > 11 (2, 1, 2, 2, 1, 1), (2, 1, 2, 1, 2, 1),
(2, 1, 3, 1, 1, 1)
92 > ≤ > ≤ > > > > > 1(i) (2, 2, 1, ..., 1)
93 > ≤ > ≤ > > > ≤ > 1(ii) (2,2,1,1,2,1)
94 > ≤ > ≤ > > ≤ > > 1(ii) (2, 2, 1, 2, 1, 1)
95 > ≤ > ≤ > > ≤ ≤ > 1(iv) (2, 2, 1, 3, 1)
96 > ≤ > ≤ > > ≤ ≤ ≤ 2(ii) (3, 1, ..., 1), (2, 2, 1, 2, 1, 1)
97 > ≤ > ≤ > ≤ > > > 1(ii) (2, 2, 2, 1, 1, 1)
98 > ≤ > ≤ > ≤ > ≤ > 5 (2,2,2,2,1)
99 > ≤ > ≤ > ≤ ≤ > > 1(iv) (2, 2, 3, 1, 1)
100 > ≤ > ≤ > ≤ ≤ ≤ > 2(ii) (3, 1, ..., 1), (2, 2, 2, 1, 1, 1)
101 > ≤ > ≤ ≤ > > > > 1(v) (2, 3, 1, 1, 1, 1)
102 > ≤ > ≤ ≤ > > ≤ > 1(iv) (2, 3, 1, 2, 1)
103 > ≤ > ≤ ≤ > ≤ > > 1(iv) (2, 3, 2, 1, 1)
104 > ≤ > ≤ ≤ > ≤ ≤ > 1(vi) (2, 3, 3, 1)
105 > ≤ > ≤ ≤ ≤ > > > 3 (2, 3, 1, 1, 1, 1), (2, 2, 2, 1, 1, 1)
106 > ≤ > ≤ ≤ ≤ > ≤ > 2(ii) (3, 1, ..., 1), (2, 2, 1, 1, 2, 1)
107 > ≤ > ≤ ≤ ≤ ≤ > > 11 (2, 2, 2, 1, 1, 1), (2, 2, 1, 2, 1, 1),
(2, 3, 1, 1, 1, 1)
108 > ≤ ≤ > > > > > > 2(i) (3, 1, ..., 1)
109 > ≤ ≤ > > > > ≤ > 1(v) (3, 1, 1, 1, 2, 1)
110 > ≤ ≤ > > > ≤ > > 1(v) (3, 1, 1, 2, 1, 1)
111 > ≤ ≤ > > > ≤ ≤ > 1(iii) (3, 1, 1, 3, 1)
112 > ≤ ≤ > > > ≤ ≤ ≤ 4 (3, 1, 1, 3, 1), (2, 1, 1, 1, 2, 2)
113 > ≤ ≤ > > ≤ > > > 1(v) (3, 1, 2, 1, 1, 1)
114 > ≤ ≤ > > ≤ > ≤ > 1(iv) (3, 1, 2, 2, 1)
8
Case A B C D E F G H I Proposition Inequalities
115 > ≤ ≤ > > ≤ ≤ > > 1(iii) (3, 1, 3, 1, 1)
116 > ≤ ≤ > > ≤ ≤ ≤ > 4 (3, 1, 3, 1, 1), (2, 1, 1, 2, 2, 1)
117 > ≤ ≤ > ≤ > > > > 1(v) (3, 2, 1, 1, 1, 1)
118 > ≤ ≤ > ≤ > > ≤ > 1(iv) (3, 2, 1, 2, 1)
119 > ≤ ≤ > ≤ > ≤ > > 1(iv) (3, 2, 2, 1, 1)
120 > ≤ ≤ > ≤ > ≤ ≤ > 1(vi) (3,2,3,1)
121 > ≤ ≤ > ≤ ≤ > > > 1(iii) (3, 3, 1, 1, 1)
122 > ≤ ≤ > ≤ ≤ > ≤ > 1(vi) (3, 3, 2, 1)
123 > ≤ ≤ > ≤ ≤ ≤ > > 4 (3, 3, 1, 1, 1), (2, 1, 2, 2, 1, 1)
124 > ≤ ≤ ≤ > > > > > 8 (3, 1, ..., 1), (4, 1, ..., 1),
(2, 2, 1, ..., 1)
125 > ≤ ≤ ≤ > > > ≤ > 7 (3, 1, ..., 1), (4, 1, 1, 2, 1),
(2, 2, 1, 1, 2, 1)
126 > ≤ ≤ ≤ > > ≤ > > 7 (3, 1, ..., 1), (4, 1, 2, 1, 1),
(2, 2, 1, 2, 1, 1)
127 > ≤ ≤ ≤ > > ≤ ≤ > 4 (3, 1, 1, 3, 1), (2, 2, 1, 2, 1, 1)
128 > ≤ ≤ ≤ > ≤ > > > 7 (3, 1, ..., 1), (4, 2, 1, 1, 1),
(2, 2, 2, 1, 1, 1)
129 > ≤ ≤ ≤ > ≤ > ≤ > 2(ii) (3, 1, ..., 1), (2, 1, 1, 2, 2, 1)
130 > ≤ ≤ ≤ > ≤ ≤ > > 4 (3, 1, 3, 1, 1), (2, 2, 2, 1, 1, 1)
131 > ≤ ≤ ≤ ≤ > > > > 12 −
132 > ≤ ≤ ≤ ≤ > > ≤ > 6 (2, 1, ..., 1), (4, 1, 1, 2, 1),
(2, 1, 2, 1, 2, 1)
133 > ≤ ≤ ≤ ≤ > ≤ > > 6 (2, 1, ..., 1), (4, 1, 2, 1, 1),
(2, 1, 2, 2, 1, 1)
134 > ≤ ≤ ≤ ≤ ≤ > > > 9 −
4 Easy Cases
In this section we consider 111 easy cases. In many of these cases, the proof
can be generalized for arbitrary n.
Lemma 6. Let X1, · · · , X9 be positive real numbers, each < 2.1326324 and
satisfying
X1 > 1, X1X2 · · ·X9 = 1 and xi = |Xi − 1| (4.1)
Then the following hold :
(i) If Xi > 1 for i = 3, 5, 6, 7, 8, 9, then we have








+X5 + · · ·+X9 ≤ 9.
(ii) If Xi > 1 for i = 3, 5, 7, 8, 9, then we have












+X7 +X8 +X9 ≤ 9.
(iii) If Xi > 1 for i = 4, 7, 8, 9 and X7 ≤ X1, X8 ≤ X1, X9 ≤ X1
then we have








+X7 +X8 +X9 ≤ 9.
(iv) If Xi > 1 for i = 3, 5, 8, 9 and X2 ≤ X1, X4 ≤ X3, X8 ≤ X1X5,
9
X9 ≤ X1X5, then we have












+X8 +X9 ≤ 9.
(v) If Xi > 1 for i = 4, 6, 7, 8, 9 and Xi ≤ X1X4 for i = 6, 7, 8, 9, X5 ≤ X4,
then we have








+X6 +X7 +X8 +X9 ≤ 9.
(vi) If Xi > 1 for i = 4, 7, 9, X8 ≤ X7, X9 ≤ X1X4X7, then we have













Proof is similar to that of Lemma 5 of [13] and is therefore omitted.
Proposition 1. The following cases do not arise:
(i) (3), (7), (8), (16), (17), (20), (35), (36), (39), (44), (74), (75), (78),
(83), (92).
(ii) (21), (40), (45), (46), (79), (84), (85), (93), (94), (97).
(iii) (37), (41), (49), (111), (115), (121).
(iv) (9), (12), (18), (22), (26), (27), (86), (89), (95), (99), (102), (103),
(114), (118), (119).
(v) (76), (80), (88), (101), (109), (110), (113), (117).
(vi) (28), (47), (50), (104), (120), (122).
Proof. Each part of Proposition 1 follows immediately from the correspond-
ing part of Lemma 6, after selecting a suitable inequality. The inequalities
used are mentioned in Table 1.












(i) Xi > 1 for each i , 4 ≤ i ≤ 9 or
(ii) γ ≤ x1 ≤ 0.5 or
(iii) γ ≤ 2
3
x1 and x1 ≤ 1 or
(iv) γ ≤ δ/2 and δ ≤ 4x1 with x1 ≤ 0.226 or
(v) δ ≥ 2γ and γ ≤ 2x1 with x1 ≤ 0.226 or
(vi) δ ≥ 4
3
γ and γ ≤ 2x1 with x1 ≤ 0.175,
then
S7 = 4X1 −X41X4 . . .X9 +X4 + . . .+X9 ≤ 9.
The simple proof similar to that of Lemma 6 of [13] is omitted.
Proposition 2. The following cases do not arise:
(i) (1), (4), (11), (25), (54), (108).
(ii) (48), (53), (63), (68), (73), (87), (96), (100), (106), (129).
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Proof. We apply Lemma 7(i) for the cases in part (i) and Lemma 7(ii) for
the cases in part (ii). The inequalities used are mentioned in Table I.
Lemma 8. Let X1, · · · , X9 be positive real numbers satisfying (4.1). Let






















4X3+X6+X7+X8+X9−2(X31X43X6X7X8X9)1/2. Further using X2 ≤ 1 we
have S8 ≤ 4X1 −X21 + 4X3 +X6 +X7 +X8 +X9 − 2(X31X43X6X7X8X9)1/2.
As right side is a decreasing function of X6 for X6 ≤ 1 and also we have
X6 = 1− x6 > 1− x7+x8+x92 , we get




















Again right side is a decreasing function of X3 for x7 + x8 + x9 ≤ 3x1 ≤ 1
and X3 > 1. Replacing X3 by 1 and simplifying we get S8 < 11+2x1−x21+
y
2
− 2(1 + x1) 32 (1− y2)
1
2 (1 + y)
1
2 = φ(x1, y), say, where y = x7 + x8 + x9. One
verifies that φ(x1, y) is at most 9 for 0 < y ≤ 3x1 and 0 < x1 ≤ 13 .
Proposition 3. Cases (77), (81), (90), (105) do not arise.
Proof. It follows immediately from Lemma 8 after selecting suitable inequal-
ities. The inequalities used are mentioned in Table I.
Lemma 9. Let X1, · · · , X9 be positive real numbers satisfying (4.1). Let
1 < Xi ≤ X1 ≤ 43 for i = 4, 8, 9, Xi ≤ 1 for i = 2, 3, 5, 6, 7 and x7 < x8+x92 ,








+X7 +X8 +X9 ≤ 9.














9 . As right side is a decreasing function
of X7 for X7 ≤ 1 and X7 > 1 − x8+x92 . Replacing X7 by 1 − x8+x92 we get









right side is a decreasing function of X4 for x8 + x9 ≤ 2x1 ≤ 23 and X4 > 1.





2 (1 + y)
1
2 = φ(x1, y), say, where y = x8 + x9. One verifies that φ(x1, y) is
at most 9 for 0 < y ≤ 2x1 and 0 < x1 ≤ 13 .
Proposition 4. Cases (112), (116), (123), (127), (130) do not arise.
Proof. It follows immediately from Lemma 9 after selecting suitable inequal-
ities. The inequalities used are mentioned in Table I.
Lemma 10. Let Xi > 1 be real numbers for 1 ≤ i ≤ 6.
(i) If X51 ≥ 2, then
S10 = 4X1 − 12X51X2X3X4X5X6 +X2 +X3 +X4 +X5 +X6 < 9.
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(ii) If Xi ≤ X1 = A (say) for 2 ≤ i ≤ 6, A < 2.1326324, then
S11 = A+ 4X2 − 12X52X3X4X5X6A +X3 +X4 +X5 +X6 < 9.
The simple proof similar to that of Lemma 7 of [13] is omitted.
Proposition 5. Case (98) i.e. A > 1, B ≤ 1, C > 1, D ≤ 1, E > 1, F ≤
1, G > 1, H ≤ 1, I > 1 does not arise.









+ I > 9. Applying AM-GM, we get 4A+4C+4E+4G+ I−
8(A3C3E3G3I)
1
4 > 9. The left side is a decreasing function of I for 1 < I ≤ A,
so we replace I by 1 to get 4A + 4C + 4E + 4G− 8(A3C3E3G3) 14 > 8. The
left side is a decreasing function of G for 1 < G ≤ A, so we can replace G by
1 to get 4A + 4C + 4E − 8(A3C3E3) 14 > 4. Using similar argument with E
and C we get 4A+ 4− 8A 34 > 0, which is not true for 1 < A < 2.1326324.
Lemma 11. All cases in which B ≤ 1 and any three out of C,D,E, F,G,H, I
are greater than 1 and A < 1.196 do not arise.
The proof is similar to that of Proposition 3(ii) of [13].
Proposition 6. Cases (132) and (133) do not arise.
Proof. Firstly we consider Case (132) i.e. A > 1, B ≤ 1, C ≤ 1, D ≤ 1, E ≤
1, F > 1, G > 1, H ≤ 1, I > 1. Here a ≤ 1
3
by Lemma 3. If A < 1.196 we get
a contradiction by Lemma 11. So let A ≥ 1.196. Using the weak inequality





say. Therefore EFHI ≥ (1 + f + i)(1 − f+i
2
) > (1 + k)(1 − k
2
) ≥ 1, for
0 < k ≤ 2a ≤ 2
3
. Then A4EFGHI > A4 ≥ 2, therefore (4,1,1,2,1) holds,




+ E + F + 4G − 2G2
H
+ I > 9. Using AM-GM inequality
we get 4A + E + F + 4G + I − 2A 52G 32E 12F 12 I 12 > 9. Left side is a decreas-
ing function of E and E > 1 − k
2
, so we can replace E by 1 − k
2
and get
4A + 4G + k
2




2 (1 + k)
1
2 > 6. Now left side is decreasing
function of G for A ≥ 1.196 and G > 1, so replacing G by 1 and simplifying
we get φ(a, k) = 2 + 4a + k
2




2 (1 + k)
1
2 > 0. One verifies
that φ(a, k) is at most zero for 0 < k ≤ 2a and 0 < a ≤ 1
3
, giving thereby a
contradiction.
Now consider Case (133). Using the weak inequality (2,1,2,2,1,1) and the
inequality (4,1,2,1,1) and proceeding as in Case (132) we get a contradiction.
Proposition 7. Cases (125), (126) and (128) do not arise.
Proof. First consider Case (125), i.e. A > 1, B ≤ 1, C ≤ 1, D ≤ 1, E >
1, F > 1, G > 1, H ≤ 1, I > 1. Here a ≤ 1
3
. Using the weak inequality





, say. Therefore EFHI ≥ (1−h)(1+k) > (1− k
2
)(1+k) ≥ 1 for k ≤ 3a ≤ 1.
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Suppose first that A4 ≥ 2, then A4EFGHI > A4 ≥ 2 . Applying AM-GM
inequality to (4, 1, 1, 2, 1) we get 4A+ 4G+E + F + I − 2(A5G3EFI) 12 > 9.
Left side is a decreasing function of I for 1 < I ≤ A, so we can replace I by
1. Similarly successively replacing E, F and G by 1, we get 4A − 2A 52 > 2,
which is not true for 1 < A ≤ 4
3
.
Hence we must have A4 < 2 i.e. a < 0.19. Now we get a contradiction using
Lemma 7(iv) with γ = d+ h, δ = e+ f + g + i ≤ 4a and x1 = a < 0.19.
Proof of the Cases (126) and (128) is similar to the proof of Case (125) using
the suitable inequalities. The inequalities used are mentioned in Table 1.
Proposition 8. Case (124) i.e. A > 1, B ≤ 1, C ≤ 1, D ≤ 1, E > 1, F >
1, G > 1, H > 1, I > 1 does not arise.
Proof. Suppose first that A4 ≥ 2. This gives A4EFGHI > A4 ≥ 2, there-
fore (4,1,1,1,1,1) holds. Using Lemma 10(i) with X1 = A, X2 = E, X3 = F ,




1 ≥ 2, we get a contra-
diction. So we have A4 < 2, i.e. a < 0.19. Now the inequality (3,1,1,1,1,1,1)
gives 1 + 4a− d+ e+ f + g+ h+ i− (1 + a)4(1− d)(1 + e)(1 + f)(1 + g)(1+
h)(1 + i) > 0. Left side is increasing function of d. Also using the weak
inequality (2,2,1,1,1,1,1), we have −2b − 2d + e + f + g + h + i > 0. This
gives d < e+f+g+h+i
2
. So replacing d by e+f+g+h+i
2






Following Remark 2, we find that max φ(e, f, g, h, i) ≤ 0 for 0 < a < 0.19,
giving thereby a contradiction.
Proposition 9. Case (134) i.e. A > 1, B ≤ 1, C ≤ 1, D ≤ 1, E ≤ 1, F ≤
1, G > 1, H > 1, I > 1 does not arise.
Proof. If A < 1.196, we get a contradiction using Lemma 11. So let
A ≥ 1.196. Also A ≤ 4
3
. Using the weak inequalities (2,1,2,1,1,1,1) and




and f < g+h+i
2
respectively. Now




)(1 − f)(1 + g)(1 + h)(1 + i) = θ(f) >
θ( g+h+i
2




)(1+g)(1+h)(1+ i) = φ(g, h, i), say.
Following Remark 2, we find that min φ(g, h, i) ≥ 2 for a ≥ 0.196. Hence (4,
1, 1, 1, 1, 1) holds, i.e. 4A − 1
2
A5EFGHI + E + F + G + H + I > 9. As
















)(1− f)(1 + g)(1 + h)(1 + i) > 0.
(4.2)
As ϕ′′(f) > 0 and 0 ≤ f < g+h+i
2
, we have ϕ(f) ≤ max{ϕ(0), ϕ( g+h+i
2
)}. Let
ϕ(0) = ψ1(g, h, i) and ϕ(
g+h+i
2
) = ψ2(g, h, i). Following Remark 2, we find
that max ψ1(g, h, i) ≤ 0 and max ψ2(g, h, i) ≤ 0 for 0 < a ≤ 13 , which gives a
contradiction to (4.2).
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Proposition 10. Case (57) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E > 1, F >
1, G ≤ 1, H ≤ 1, I > 1 does not arise.
Proof. Applying AM-GM inequality to (1, 3, 1, 3, 1), we have A + 4B +
E + 4F − 2B2F 2(AEI) 12 + I > 9. Left side is a decreasing function of E for
1 < E ≤ A, so replacing E by 1, we have A+4B+4F −2B2F 2(AI) 12 +I > 8.
Case(i) A < B4F 4I. Then left side is a decreasing function of A and A ≥ I.
So we get 2I+4B+4F−2B2F 2I > 8. Again left side is a decreasing function
of B and F . Successively replacing B and F by 1 we get a contradiction.
Case(ii) A ≥ B4F 4I. This gives a ≥ 4(b + f) + i > 2(b + f) + i. From
the weak inequality (2, 2, 2, 1, 1, 1) we get 2b− 2d+2f − g− h+ i > 0 which
gives d+ g + h < 2(b+ f) + i < a. Now using (3, 1, 1, 1, 1, 1, 1) and applying
Lemma 7(ii) with γ = d+ g + h and x1 = a, we get a contradiction.
Proposition 11. Cases (82), (91) and (107) do not arise.
Proof. First consider Case (82), i.e. A > 1, B ≤ 1, C > 1, D > 1, E >
1, F ≤ 1, G ≤ 1, H ≤ 1, I ≤ 1. Here a ≤ 1
3
. Using the weak inequalities
(2, 1, 1, 2, 2, 1) and (2, 1, 1, 2, 1, 2) we get
− 2b+ c+ d− 2f − 2h− i > 0, (4.3)
− 2b+ c+ d− 2f − g − 2i > 0. (4.4)




and i < c+d
2
.
The inequality (2,1,1,3,1,1) holds i.e. 4A− 2A2
B
+C+D+4E−E4ABCDHI+
H + I > 9. Applying AM-GM inequality to −A2
B
− E4ABCDHI and using
B ≤ 1 we get 4A−A2+C+D+4E+H+I−2A 32E2C 12D 12H 12 I 12 > 9. Left side
is a decreasing function of E as E > 1 and A3CDHI > A3CD(1− (h+ i)) >
(1 + a)3(1 + c)(1 + d)(1− (c + d)) ≥ 1, for 0 < c ≤ a, 0 < d ≤ a and a ≤ 1
3
.
So replacing E by 1 we get 4A−A2+C+D+H + I− 2A 32C 12D 12H 12 I 12 > 5.


























2 > 5, i.e.













As φ′′(i) > 0 and 0 ≤ i < c+d
2
, we have φ(i) ≤ max{φ(0), φ( c+d
2
)}. Now let
φ(0) = ψ1(c, d) and φ(
c+d
2
) = ψ2(c, d). Following Remark 2, we find that for
m = 1, 2, max ψm(c, d) ≤ 0, for 0 < a ≤ 13 . This contradicts (4.5).
Proof of the Cases (91) and (107) is similar to the proof of Case (82) using
the suitable inequalities. The inequalities used are mentioned in Table I.
Proposition 12. Case (131) i.e. A > 1, B ≤ 1, C ≤ 1, D ≤ 1, E ≤
14
1, F > 1, G > 1, H > 1, I > 1 does not arise.
Proof. Using the weak inequalities (2, 2, 1, 1, 1, 1, 1) and (2, 1, 2, 1, 1, 1, 1) we
get
− 2b− 2d− e+ f + g + h+ i > 0, (4.6)
− 2b− c− 2e+ f + g + h + i > 0. (4.7)




and e < f+g+h+i
2
.
Case(i) A ≥ 1.19, then A4EFGHI > (1+a)4(1− f+g+h+i
2
)(1+f)(1+g)(1+
h)(1+i) = φ(f, g, h, i). Following Remark 2, we find that min φ(f, g, h, i) ≥ 2
for a ≥ 0.19. Hence we have A4EFGHI > 2 and so (4, 1, 1, 1, 1, 1) holds,
i.e. 4A − 1
2
A5EFGHI + E + F + G + H + I > 9. As the coefficient of
E on left side is negative, so we replace E by 1 − f+g+h+i
2
and get that






)(1+f)(1+g)(1+h)(1+ i) > 0.




Case(ii) A < 1.19. The inequality (3,1,1,1,1,1,1) gives 4A−A4DEFGHI+
D+E +F +G+H + I > 9. The coefficient of D on the left side is negative,














(1− e)(1 + f)
(1 + g)(1 + h)(1 + i) > 0.
Now φ
′′
(e) > 0 and 0 ≤ e < f+g+h+i
2
, so we have φ(e) ≤ max{φ(0), φ(f+g+h+i
2
)}.
Now let φ(0) = ψ1(f, g, h, i) and φ(
f+g+h+i
2
) = ψ2(f, g, h, i). Following Re-
mark 2, we find that for m = 1, 2, max ψm(f, g, h, i) ≤ 0 for 0 < a < 0.19, a
contradiction.
Proposition 13. Cases (55) and (56) do not arise.
Proof. Consider Case (55) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E > 1, F >
1, G > 1, H ≤ 1, I > 1.
We can take h ≥ b. For if h < b, then using (1, 3, 1, 1, 1, 1, 1) and applying
Lemma 7(ii) with γ = h, x1 = b ≤ 13 , we get a contradiction. Now consider
following two cases:
Case (i) GH > 1
As B2 > CD, we can use the weak inequality (1, 3, 1, 1, 2, 1) and get
A+4B−B4EFGHIA+E+F +2H+ I > 9. Since 2H ≤ 2 and −GH < −1
we get A+4B−B4EFIA+E+F + I > 7. As the coefficient of I is negative
we can replace I by 1. Similarly we can successively replace E and F by 1
and get A+ 4B −B4A > 4 which is not possible for A > 1 and B > 1.
Case (ii) GH ≤ 1
Using the weak inequality (2, 2, 1, 1, 2, 1) we get 2b−2d+e+f−2h+i > 0,
which gives d < e+f+i
2
as h ≥ b. Applying AM-GM inequality to (3,1,1,3,1)
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we get 4A +D + E + 4F − 2A2F 2(DEI) 12 + I > 9. Left side is a decreasing
function of D and D > 1 − e+f+i
2
, so replacing D by 1 − e+f+i
2
we get













Following Remark 2, we find that max φ(e, i) ≤ 0, for 0 < f ≤ a ≤ 0.5,
giving thereby a contradiction.
Proof of the Case (56) is similar to the proof of Case (55) using the suitable
inequalities.
Proposition 14. Case (43) i.e. A > 1, B > 1, C ≤ 1, D > 1, E > 1, F ≤
1, G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof. Using the weak inequalities (1,2,2,1,2,1) and (1, 2, 2, 2, 2), we get
a− 2c+ 2e− f − 2h− i > 0, (4.8)
a− 2c+ 2e− 2g − 2i > 0. (4.9)




and i < e+ a
2
.
Case (i) E ≥ 1.26
Here E4ABCDI = E
3
FGH





E5ABCDI + I > 9. The left side is a decreasing function of E, so
replacing E by 1.26, we have φ(x) = 4x
1
4 + 4(1.26) − 1
2
(1.26)5xI + I > 9,




3 and φ′′(x) < 0 at













3 + I, which is at
most 9 for 4
9
≤ I ≤ 1, a contradiction.
Case (ii) E < 1.26







2 > 9. Left side is a decreasing function of D as A3E4HI >
ABDEHI = 1
CFG





2 > 8. Now left side is a decreasing function of H as A4E4I ≥
ABDEI = 1
CFGH




< H ≤ 1. So replacing H by




and on simplifying we get θ(i) = 2 + 7a
2










(1− i) > 0. Now θ′′(i) > 0 and 0 ≤ i < e + a
2
.
Therefore θ(i) ≤ max{θ(0), θ(e + a
2
)}, which can be seen to be at most zero
for 0 < a ≤ 0.5 and 0 < e ≤ min(a, 0.26), giving thereby a contradiction.
Proposition 15. Case (42) i.e. A > 1, B > 1, C ≤ 1, D > 1, E > 1, F ≤
1, G ≤ 1, H ≤ 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
. Using the weak inequality (1,2,2,1,2,1) we have
a− 2c+ 2e− f − 2h+ i > 0, i.e. h < e+ a+i
2
< e+ a.
Claim(i) E4ABCDI < 2 and FGH > 1
2
Suppose E4ABCDI ≥ 2, then (4*,4,1) holds, i.e. φ(x) = 4x 14 + 4E −
1
2








)4/3. Since φ′′(x) < 0 at x = ( 2
E5I
)4/3, so φ(x) ≤ φ(( 2
E5I





3 = η(E, I), say. We find that η(E, I) < 9 for 1 < I ≤ A ≤ 3
2
and
1 < E ≤ 4
3
. So E4ABCDI < 2, i.e. E
3
FGH
< 2. It gives FGH > 1
2
.
Claim(ii) A4EFGHI < 2, A <
√
2, E < 1.189208 and I < 1.31951.
Suppose A4EFGHI ≥ 2, then (4,1,1,1,1,1) gives ψ(E, I, y) = 4A −
1
2
A5EIy + E + I + 2 + y > 9, where y = FGH > 1/2 by Claim (i). The
function ψ(E, I, y) is symmetric in E and I, also it is linear in E, I and
y. So for 1 < E ≤ A, 1 < I ≤ A and 1
2
< y ≤ 1, we have ψ(E, I, y) ≤
max{ψ(1, 1, 1
2
), ψ(1, 1, 1), ψ(A, 1, 1
2
), ψ(A, 1, 1), ψ(A,A, 1
2
), ψ(A,A, 1)}, which
can be easily seen to be less than 9 for 1 < A ≤ 2. So A4EFGHI < 2.
Now A4EFGHI < 2 and E4ABCDI < 2 together gives A4E4I < 4, which
gives A4 < 4, E8 < A4E4 < 4 and I5 < A4I < 4, i.e. A <
√
2, E <
1.189208 and I < 1.31951.
Final Contradiction:
Applying AM-GM inequality to (3,1,3,1,1), we get 4A +D + 4E +H +
I − 2A2E2D 12H 12 I 12 > 9. Left side is a decreasing function of D as A ≥ D
and A3E4HI > A3E4(1 − h) > (1 + a)3(1 + e)4(1 − e − a) ≥ 1, for 0 <
a <
√
2 − 1 and 0 < e < 0.189208. So we can replace D by 1 and get that
4A + 4E +H + I − 2A2E2H 12 I 12 > 8. Now left side is a decreasing function
of H , replacing H by 1− e− a+i
2
and on simplifying we get








)(1 + i) > 0.
A simple calculation gives that θ′′(i) > 0 and 0 < i ≤ min(a, 0.31951).
Therefore θ(i) ≤ max{θ(0), θ(min(a, 0.31951))}, which is at most zero for
0 < a <
√
2− 1 and 0 < e ≤ min(a, 0.189208). This gives a contradiction
Proposition 16. Case (59) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E > 1, F ≤
1, G > 1, H > 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
, e ≤ 1
3
, f ≤ 1
4
. Using the weak inequalities
(2,2,2,1,1,1) and (1,2,1,2,1,1,1) we have
2b− 2d− 2f + g + h+ i > 0, (4.10)
a− 2c− d− 2f + g + h+ i > 0. (4.11)
Claim (i) f ≥ b and d < g+h+i
2
Suppose f < b, then we get contradiction using Lemma 7(ii), with x1 =
b ≤ 1
3




Claim (ii) a ≥ 0.359





+G+H+I > 9. Now using that 4E−E2
F








, we get 4A+3E+D+G+H+I−2
√
A4E3DGHI >
9. Left side is a decreasing function of E as E > 1 and A4DGHI > (1 +
a)4(1+ g)(1+ h)(1 + i)(1− d) > (1+ a)4(1 + g)(1+ h)(1 + i)(1− g+h+i
2
) ≥ 1,
for 0 < g ≤ a, 0 < h ≤ a, 0 < i ≤ a and 0 < a ≤ 0.5. So we replace
E by 1 to get 4A + 3 + D + G + H + I − 2
√
A4DGHI > 9. Again left
side is a decreasing function of D, so we replace D by 1 − g+h+i
2
to get




(1 + a)4(1− g+h+i
2
)(1 + g)(1 + h)(1 + i) > 0.
Following Remark 2, we find that max φ(g, h, i) ≤ 0 for 0 < a < 0.359, a
contradiction. Hence we must have a ≥ 0.359.
Final Contradiction:
Let g+h+i = k, then from (4.11) we get 2f < a+k. So AFGHI > (1+a+
k)(1−f) > (1+2f)(1−f) > 1, for 0 ≤ f < 1
4
. It gives A4EFGHI > A3 > 2,
so (4,2,1,1,1) holds. Applying AM-GM, we get ψ(G,H, I) = 4A+ 4E +G+
H + I − 2
√
A5E3GHI > 9. Now ψ(G,H, I) is a decreasing function of G, H
and I, so ψ(G,H, I) < ψ(1, 1, 1) < 9 for 1.359 ≤ A ≤ 1.5 and 1 < E ≤ 4
3
.
Hence we get a contradiction.
Proposition 17. Case (60) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E > 1, F ≤
1, G > 1, H ≤ 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
, e ≤ 1
3
. Using the weak inequalities (2,2,2,2,1)
and (1,2,1,2,2,1) we have
2b− 2d− 2f − 2h+ i > 0, (4.12)
a− 2c− d− 2f − 2h+ i > 0. (4.13)
Claim (i) A < 1.226
Suppose A ≥ 1.226. From (4.13) we get f + h < a+i
2
, then AFHI >
(1 + a)(1 + i)(1 − a+i
2
) > 1 for 0.226 ≤ a ≤ 0.5 and 0 < i ≤ a. Hence
A4EFGHI > 2 and so (4,1,1,1,1,1) holds, i.e. 4A− 1
2
A5EGI(1−(f+h))+E+
G+I+2−(f+h) > 9. Left side is an increasing function of f+h, so we replace
f+h by a+i
2







Now left side is decreasing function of e and g, so replacing e by 0 and g by




(1 + a)5(1 + i)(1 − a+i
2
) > 0, which is not true for
0 < a ≤ 0.5 and 0 < i ≤ a.
Claim (ii) f + h > 2b
Suppose f + h ≤ 2b. Also b ≤ a < 0.226. Now we get a contradiction
using Lemma 7(v) with x1 = b, δ = a+ e+ g+ i and γ = f +h, as b < 0.226,




, using (4.13). Hence we must have
f + h > 2b.
Final Contradiction:
From (4.12) we get f + h < b + i
2
. Further using Claim (ii) we get
b < i
2




(1,2,1,1,1,1,1,1) gives A+4B+D+E+F +G+H+I−2B3ADEFGHI > 9.
The left side is a decreasing function of D, so we replace D by 1− i
2
and get
that 2+ a+4b+ e+ g− (f + h) + i
2
− 2(1+ b)3(1+ a)(1 + e)(1 + g)(1− (f +
h))(1− i
2
)(1+ i) > 0. Now the left side is an increasing function of (f +h) as
(1− i
2
)(1+ i) > 1 for 0 < i ≤ a < 0.226, so replace f+h by b+ i
2
and get that





One can check that φ′(e) < 0, so we replace e by 0. Similarly g can also be
replaced by 0. So we have now




)(1 + i) > 0 (4.14)
We find that ψ′′(i) > 0, therefore ψ(i) ≤ max{ψ(0), ψ(a)}, which can be seen
to be at most zero for 0 < b ≤ a < 0.226, contradicting (4.14).
Proposition 18. Case (61) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E > 1, F ≤
1, G ≤ 1, H > 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
, e ≤ 1
3
. Using the weak inequalities (1,2,1,2,1,1,1),
(1,2,1,1,2,1,1) and (2,2,2,1,1,1) we have
a− 2c− d− 2f − g + h+ i > 0, (4.15)
a− 2c− d+ e− 2g + h+ i > 0, (4.16)
2b− 2d− 2f − g + h + i > 0. (4.17)
Claim (i) B < 1.05
Suppose B ≥ 1.05. Applying AM-GM inequality to (1,3,3,1,1) we get
A+ 4B +4E +H + I − 2
√
B4E4AHI > 9. Left side is a decreasing function
of E, H and I, so replacing each of them by 1 we get A+ 4B− 2
√
B4A > 3,
which is not true for 1 < A ≤ 1.5, and 1.05 ≤ B ≤ 4
3
. Hence B < 1.05.
Claim (ii) f + g ≥ 2b
Suppose f + g < 2b. From (4.15) and (4.16), we get 2f + g < a+ h+ i <
a+ e+ h+ i and g < a+e+h+i
2
respectively. Adding these two inequalities we
get γ = f + g < 3
4
(a+ e+ h+ i) = 3
4
δ. Now we get contradiction by Lemma
7(vi) with x1 = b < 0.05, γ = f + g < 2x1 and δ = a+ e+ h + i.
Final Contradiction:
Using f + g ≥ 2b in (4.17) we get d < h+i
2
. Applying AM-GM inequality
to (3,1,3,1,1) we get
2 + 4a+ 4e− d+ h+ i− 2√(1 + a)4(1 + e)4(1− d)(1 + h)(1 + i) > 0.
Left side is an increasing function of d, so we replace d by x
2
, where x = h+ i




)(1 + x) > 0. Now the left
side is a decreasing function of e as (1− x
2
)(1+x) ≥ 1 for 0 < x = h+i ≤ 2a ≤




)(1 + x) > 0,
19
which is not true for 0 < a ≤ 0.5 and 0 < x ≤ 2a, giving a contradiction.
Proposition 19. Case (38) i.e. A > 1, B > 1, C ≤ 1, D > 1, E > 1, F >
1, G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
. Using the weak inequality (1,2,1,2,1,2) we have
a− 2c+ d+ 2f − g − 2i > 0, i.e. i < f + a+d
2
.
Claim(i) F 4ABCDE < 2 and GHI > 1
2
Suppose F 4ABCDE ≥ 2, then (5*,4) holds, i.e. 5(ABCDE) 15 + 4F −
1
2
F 5ABCDE > 9, i.e. φ(x) = 5x
1
5 + 4F − 1
2
F 5x > 9, where x = ABCDE.
Now φ′(x) = 0 gives x = ( 2
F 5
)5/4. Since φ′′(x) < 0 at x = ( 2
F 5
)5/4, so
φ(x) ≤ φ(( 2
F 5




and hence GHI > 1
2
.
Claim(ii) A4EFGHI < 2, A <
√
2 and F < 1.189208
Proof is similar to that of Claim (ii) of Case (42)(Proposition 15).
Claim(iii) A ≤ 1.26
Suppose A > 1.26. Applying AM-GM inequality to (3,2,3,1) we get 4A+
4D+4F + I − 3(2A4D3F 4I) 13 > 9. Left side is a decreasing function of I, so
replace I by 1− f − a+d
2
. On simplifying we get




+ 3f − 3(2) 13 (1 + a) 43 (1 + f) 43 (1 + d)(1− a+d
2
− f) 13 > 0.
We find that χ′′(d) > 0 and we have 0 < d ≤ a. So χ(d) ≤ max{χ(0), χ(a)}.
Now χ(0) and χ(a) are functions in two variables a and f and can be checked
to be less than zero for 0.26 < a <
√
2 − 1 and 0 < f < 0.189208, giving
thereby a contradiction. Hence we must have a ≤ 0.26.
Final Contradiction:







2 > 9. Left side is a decreasing function of E as A3F 4DI >
(1+a)3(1+f)4(1−f− a+d
2
) ≥ (1+a)3(1+f)4(1−f−a) ≥ 1, for 0 < a ≤ 0.26





2 > 8. Now the left side is a decreasing function of I for I ≤ 1.
So we replace I by 1− f − a+d
2





3f − 2(1 + a)2(1 + f)2
√
(1 + d)(1− f − a+d
2
) > 0. We find that ψ′′(d) > 0
and we have 0 < d ≤ a. So ψ(d) ≤ max{ψ(0), ψ(a)} < 0 for 0 < a ≤ 0.26
and 0 < f < 0.189208, giving thereby a contradiction.
Proposition 20. Case (58) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E > 1, F >
1, G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
, e ≤ 1
2
, f ≤ 1
3
. Using the weak inequalities
(1,2,1,2,2,1) and (1,2,1,1,2,2) we have
a− 2c− d+ 2f − 2h− i > 0, (4.18)
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a− 2c− d+ e− 2g − 2i > 0. (4.19)
Claim (i) F 4ABCDE < 2 and GHI > 1
2
Proof is same as that of Claim (i) of Case (38)(Proposition 19).
Claim (ii) A4EFGHI < 2 and F < 1.189208
Proof is similar to that of Claim (ii) of Case (42)(Proposition 15).
Claim (iii) c+ d+ i > f and h < a+f
2
Suppose c + d + i ≤ f . Now using Lemma 7(ii), with x1 = f < 0.189208
and γ = c + d + i ≤ f = x1, we get a contradiction. Hence c + d + i > f .
Now using (4.18) we get 2h < (a+ 2f)− (c+ d+ i), which gives h < a+f
2
.
Claim (iv) A < 1.284
Suppose A ≥ 1.284. From (4.19) we get g + i < a+e
2
. Now A4EFGHI >




) = φ(e, f). Following Remark 2 we
find that min φ(e, f) ≥ 2, for 0.284 ≤ a ≤ 0.5. Hence A4EFGHI > 2,
contradicting Claim (ii).
Claim (v) c + h ≥ a+f
2
Suppose c + h < a+f
2
. Applying AM-GM inequality to (2,2,1,2,2) we get
4A+4C +E +4F +4H − 8(A3C3F 3H3E) 14 > 9. Let x = c+ h, then we get
8 + 4a+ 4f − 4x+ e− 8(1 + a) 34 (1 + f) 34 (1− x) 34 (1 + e) 14 > 0. Left side is an
increasing function of x, so replacing x by a+f
2
, we get ψ(e) = 8 + 2a+ 2f +




4 (1 + e)
1
4 > 0. Now ψ′(e) < 0, so replace e by




4 , which is at
most zero for 0 < a < 0.284 and 0 < f < 0.189208; a contradiction.
Final Contradiction:
Using (4.18) and Claim (v), we have d + i < f . Applying AM-GM in-
equality to (3,1,1,3,1) we get 2 + 4a + 4f + e − (d + i) − 2(1 + a)2(1 +
f)2
√
(1 + e)(1− (d+ i)) > 0. Left side is an increasing function of (d+ i), so
replacing (d+i) by f we get 2+4a+3f+e−2(1+a)2(1+f)2√(1 + e)(1− f) >
0. Now left side is decreasing function of e, so we replace e by 0 and get
that 2 + 4a + 3f − 2(1 + a)2(1 + f)2√(1− f) > 0, which is not true for
0 < f < 0.189208 and f ≤ a < 0.284.
Proposition 21. Case (62) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E > 1, F ≤
1, G ≤ 1, H ≤ 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
, e ≤ 1
3
. Using the weak inequalities (1,2,1,2,1,1,1),
(1,2,1,1,2,1,1) and (1,2,1,2,2,1) we have
a− 2c− d− 2f − g − h+ i > 0, (4.20)
a− 2c− d+ e− 2g − h+ i > 0, (4.21)
a− 2c− d− 2f − 2h+ i > 0. (4.22)
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Claim (i) E4ABCDI < 2 and FGH > 1
2
Proof is same as that of Claim (i) of Case (42)(Proposition 15).
Claim (ii) A4EFGHI < 2 and E < 1.189208
Proof is same as that of Claim (ii) of Case (42)(Proposition 15).
Claim (iii) A < 1.301









and h < a+i
2
≤ a. Therefore A4EFGHI =

























We find that η′′(h) < 0. So η(h) ≥ min{η(0), η(a)}. Let η(0) = θ1(i) and
η(a) = θ2(i). It is easy to check that for m = 1, 2, θ
′′
m(i) < 0, therefore
θm(i) ≥ min{θm(0), θm(a)}. But for m = 1, 2, θm(0) and θm(a) are greater
than 2 for 0.301 ≤ a ≤ 0.5 and 0 < e < 0.189208 i.e. A4EFGHI > 2,
contradicting Claim (ii). Hence we must have a < 0.301.
Claim (iv) c+ g > a+e
2
Suppose c + g ≤ a+e
2
. Applying AM-GM inequality to (2,2,2,2,1) we
get 4A + 4C + 4E + 4G + I − 8(A3C3E3G3I) 14 > 9, i.e. 8 + 4a + 4e +
i − 4(c + g) − 8(1 + a) 34 (1 + e) 34 (1 + i) 14 (1 − (c + g)) 34 > 0. Here the left
side is an increasing function of c + g, so we replace c + g by a+e
2
to get




4 > 0. Now the left side






4 > 1, so on replacing i by




4 > 0. But this is not true




We have c + g > a+e
2
, using it with (4.21), we get d + h < i. Apply-
ing AM-GM inequality to (3,1,3,1,1) we have 2 + 4a + 4e − d − h + i −
2
√
(1 + a)4(1 + e)4(1− (d+ h))(1 + i) > 0. Left side is an increasing func-
tion of (d+h), so we replace (d+h) by i and get that 2+4a+4e−2(1+a)2(1+
e)2
√
(1− i)(1 + i) > 0. Now the left side is an increasing function of i, so on
replacing i by a, we get 2 + 4a+ 4e− 2(1 + a)2(1 + e)2√(1− a)(1 + a) > 0.
But this is not true for 0 < a < 0.301 and 0 < e < 0.189208.
Proposition 22. Case (65) and Case (66) do not exist.
Proof. Consider first Case (65) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E ≤
1, F > 1, G > 1, H ≤ 1, I > 1
Here 0 < a ≤ 1
2
and 0 < b ≤ 1
3
. Using the weak inequalities (1,2,2,1,2,1),
(2,2,1,1,2,1) and (2,1,2,1,2,1), we have
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a− 2c− 2e+ f − 2h+ i > 0, (4.23)
2b− 2d− e + f − 2h+ i > 0, (4.24)
2b− c− 2e+ f − 2h+ i > 0. (4.25)
Claim (i) A < 1.226
Suppose A ≥ 1.226. Using (4.23), we have A4EFGHI ≥ (1 + a)4(1 +
f)(1 + i)(1 − (e + h)) > (1 + a)4(1 + f)(1 + i)(1 − a+f+i
2
) = φ(f, i). Fol-
lowing Remark 2 we find that min φ(f, i) > 2, for 0.226 ≤ a ≤ 0.5. Hence
A4EFGHI > 2 and so (4,1,1,1,1,1) holds, i.e. 4a− 1
2
(1+a)5(1− (e+h))(1+
f)(1 + g)(1 + i) − (e + h) + f + g + i > 0. Left side is an increasing func-







+ g − 1
2
(1 + a)5(1 + f)(1 + i)(1 + g)(1 − a+f+i
2
) > 0. Now
θ′(g) < 0 for 0 < f ≤ a and 0 < i ≤ a. So we can replace g by 0 and get






(1 + a)5(1 + f)(1 + i)(1 − a+f+i
2
) > 0. Following
Remark 2 we find that max ψ(f, i) ≤ 0 for 0 < a ≤ 0.5, a contradiction.
Claim (ii) e+ h > 2b and d < f+i
2
Suppose e + h ≤ 2b. We get a contradiction by Lemma 7(v) with x1 =
b ≤ a < 0.226, γ = e + h ≤ 2x1 and γ < a+f+g+i2 = δ2 , using (4.23). Hence
we must have e + h > 2b. Together with (4.24), we get d < f+i
2
.
Claim (iii) A ≥ 1.21 and f + i > a
Suppose A < 1.21. The inequality (1,2,1,1,1,1,1,1) gives A + 4B −
2B3ADEFGHI + D + E + F + G + H + I > 9. Coefficients of G and
D are negative on the left side for 1 < G ≤ 4
3













Now the left side is an increasing function of (e+h) as (1+f)(1+i)(1− f+i
2
) ≥
1, so we replace (e+ h) by b+ f+i
2
, using (4.25) and get that
η(f, i) = 2+a+3b−2(1+b)3(1+a)(1−b− f + i
2




Following Remark 2 we find that max η(f, i) < 0 for 0 < a < 0.21 and
0 < b ≤ a. It contradicts (4.26). Hence we must have a ≥ 0.21.
Further if f + i ≤ a, then we have η(f, i) < max{η(0, 0), η(a, 0)} ≤ 0, in full
range of a i.e. in 0 < a < 0.226 and 0 < b ≤ a. Hence f + i > a.
Final Contradiction:
We have 1.21 ≤ A < 1.226, e+ h < a+f+i
2
and f + i > a.
A4EFGHI > (1 + a)4(1 + f + i)(1 − (e + h)) > (1 + a)4(1 + x)(1 − a+x
2
) =
ϕ(x), where x = f + i. Now ϕ′′(x) < 0, so for a < x ≤ 2a, we have
ϕ(x) ≥ min{ϕ(a), ϕ(2a)} > 2, for 0.21 ≤ a < 0.226. Hence A4EFGHI > 2.
Now we use (4,1,1,1,1,1) and get contradiction proceeding as in Claim (i).
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Case (66) can be dealt with working exactly same as in Case (65) using
the suitable inequalities.
Proposition 23. Case (67) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E ≤ 1, F >
1, G ≤ 1, H ≤ 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
, f ≤ 1
3
. Using the weak inequalities (1,2,2,1,2,1),
(1,2,1,1,2,1,1) and (1,2,2,2,1,1) we have
a− 2c− 2e+ f − 2h+ i > 0, (4.27)
a− 2c− d− e− 2g − h+ i > 0, (4.28)
a− 2c− 2e− 2g − h+ i > 0. (4.29)
Claim (i) A < 1.35
Suppose A ≥ 1.35. A4EFGHI > 3
4
(1 + a)4(1 + f)(1 + i)(1 − (e + h)) >
3
4
(1 + a)4(1 + f)(1 + i)(1 − a+f+i
2
) = η(f, i), using (4.26) and G > 3
4
.
Following Remark 2 we find that min η(f, i) > 2, for 0.35 ≤ a ≤ 0.5.
Hence A4EFGHI > 2. Applying AM-GM inequality to (4,1,2,1,1) we get
2 + 4a+ 4f − (e+ h) + i− 2√(1 + a)5(1 + f)3(1− (e + h))(1 + i) > 0. Now
the left side is an increasing function of (e+h), so we replace (e+h) by a+f+i
2








(1 + a)5(1 + f)3(1− a+f+i
2
)(1 + i) > 0.
Now η′′(i) > 0, therefore η(i) ≤ max{η(0), η(a)}, which can be seen to be at
most zero for 0.35 ≤ a ≤ 0.5 and 0 < f ≤ 1
3
, giving thereby a contradiction.
Claim (ii) d+ e > a+i
2
Suppose d + e ≤ a+i
2
. Applying AM-GM inequality to (3,1,1,3,1) we get
2 + 4a + 4f + i− (d + e)− 2√(1 + a)4(1 + f)4(1 + i)(1− (d+ e)) > 0. Left
side is an increasing function of (d+ e), so we replace (d+ e) by a+i
2
and get
that 2 + 7a
2




(1 + a)4(1 + f)4(1 + i)(1 − a+i
2
) > 0. Now the left
side is a decreasing function of f as (1+ a)(1+ i)(1− a+i
2
) ≥ 1, so we replace






(1 + a)4(1 + i)(1− a+i
2
) > 0, which is




Using d + e > a+i
2
together with (4.28), we get c + g < a+i
4
. Applying
AM-GM inequality to (2,2,1,1,2,1) we get 4A + 4C + 4G + E + F + I −
6(A3C3G3EFI)
1
3 > 9. Here the left side is a decreasing function of E as
ACG > (1 + a)(1 − a+i
4
) > 2(1 + a)(1 − a
2
) > 1. From (4.29) we have
E = 1− e > 1− a+i
2
+ (c+ g). So we replace E by 1− a+i
2
+ (c+ g) and get













where x = c+g. It is easy to check that φ′′(x) > 0, so φ(x) < max{φ(0), φ(a+i
4
)}.
Let φ(0) = η1(f) and φ(
a+i
4
) = η2(f). We find that η1(f) and η2(f) are de-
creasing functions of f . Therefore η1(f) ≤ η1(0) and η2(f) ≤ η2(0). But
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η1(0) and η2(0) are at most zero for 0 < a < 0.35 and 0 < i ≤ a. Hence we
have a contradiction.
5 Difficult Cases
Proposition 24. Case (2) i.e. A > 1, B > 1, C > 1, D > 1, E > 1, F >
1, G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof.
Claim(i) F 4ABCDE < 2, F < 1.1487 and GHI > 1/2
Suppose F 4ABCDE ≥ 2. We use the inequality (1, 1, 1, 1, 1, 4) and get
contradiction applying Lemma 10(ii) with X2 = F, X3 = B, X4 = C, X5 =
D, X6 = E. Therefore F
4ABCDE < 2. This implies F 5 ≤ 2 which gives








Claim(ii) A4EFGHI < 2 and A <
√
2
Proof is similar to that of Claim(ii) of Case (42)(Proposition 15).
Claim(iii) B < 1.31951
Suppose B ≥ 1.31951. Then using GHI > 1/2, we get B4AFGHI >
B5 × 1
2
> 2. So the inequality (1,4,1,1,1,1) holds. i.e. χ(y, F ) = A + 4B −
1
2
B5yAF + 2 + y + F > 9, where y = GHI > 1
2
by Claim(i). χ(y, F ) is a
decreasing function of y and a decreasing function of F as well for A ≥ B ≥
1.31951. So we have χ(y, F ) ≤ χ(1
2
, 1), which is at most 9 for 1 < B ≤ A ≤√
2. This gives a contradiction.
Claim(iv) C < 1.2174
Suppose C ≥ 1.2174. Using (2, 2, 1, 4∗) and the AM-GM inequality we
get ϕ(A,C,E, x) = 4A + 4C + E − 4A 32C 32E 12x 12 + 4x 14 > 9, where x =
FGHI. Since x > GHI > 1
2
and ϕ is a decreasing function of x, we get
ϕ(A,C,E, x) ≤ ϕ(A,C,E, 1
2
). Further ϕ(A,C,E, 1
2
) is a decreasing function
of E and E > 1, so ϕ(A,C,E, 1
2
) < ϕ(A,C, 1, 1
2
) which can be easily verified
to be less than 9 for A ≥ C ≥ 1.2174. This gives a contradiction.
Also we see that ϕ(A,C, 1, 1
2
) < 9 for A > 1.27 and C > 1.171. Hence we
can take
C ≤ 1.171 if A > 1.27. (5.1)
Claim(v) D < 1.2174
Suppose D ≥ 1.2174. Using (2, 1, 2, 4∗) and AM-GM inequality we get
ϕ(A,D,C, x) = 4A+ C + 4D − 4A 32D 32C 12x 12 + 4x 14 > 9, where x = FGHI.
Working as in Claim(iv), we get ϕ(A,D,C, x) ≤ ϕ(A,D, 1, 1
2
) < 9 for A ≥
D ≥ 1.2174. This gives a contradiction.
Also we see that ϕ(A,D, 1, 1
2
) < 9 for A > 1.27 and D > 1.171. Hence we
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can take
D ≤ 1.171 if A > 1.27. (5.2)
Further if C > 1.182, then ϕ(A,D,C, 1
2
) < ϕ(A,D, 1.182, 1
2
) ≤ 9 for A ≥
C > 1.182 and D > 1.151. This gives a contradiction. So we can take
C ≤ 1.182 if D > 1.151. (5.3)
Claim(vi) B ≤ 1.182 if D > 1.151
Suppose D > 1.151. Using (1, 2, 2, 4∗) and AM-GM inequality we get
ϕ(B,D,A, x) = A+ 4B + 4D − 4B 32D 32A 12x 12 + 4x 14 > 9, where x = FGHI.
Working as in Claim(iv), we get ϕ(B,D,A, x) ≤ ϕ(B, 1.151, A, 1
2
) ≤ 9 for
A ≥ B > 1.182, a contradiction. So we can take B ≤ 1.182 if D > 1.151.
Also if we have D > 1.136, then ϕ(B,D,A, x) ≤ ϕ(B, 1.136, A, 1
2
) ≤ 9 for
B > 1.16 and A > 1.27, a contradiction. So we can take
B ≤ 1.16 if A > 1.27 and D > 1.136. (5.4)
Further if we have D > 1.168, then ϕ(B,D,A, x) ≤ ϕ(B, 1.168, A, 1
2
) ≤ 9 for
B > 1.168 and A > 1.173, a contradiction. So we can take
D ≤ 1.168 if B > 1.168 and A > 1.173. (5.5)
Final Contradiction







I > 9. Left side of this inequality is a quadratic in
√
I. Since
A4F 4DE − 4A− 4F −D − E + 9 > 0, we have
√




E− (A4F 4DE− 4A− 4F −D−E+9) 12 = α (say). (5.6)







3 > 9, which givesH < (A+2C+4D+4F−9)(6DFA 13B 13C 13−
4)−1. Substituting this upper bound of H in the weak inequality (2, 2, 2, 2, 1),
we get
I > 9− 2B − 2D − 2F − 2
{









= β (say). (5.7)
From (5.6) and (5.7) we have β < α2. On simplifying we get
η(B) =
{




















































One finds that η
′













3 (A+2C+4D+4F−9) > 0. As ψ(A,B,C,D, F ) is an increas-
ing function of A, B, C, D and F , we get ψ(A,B,C,D, F ) > ψ(1, 1, 1, 1, 1) >




A if 1 < A ≤ 1.173
A if 1.173 < A ≤ 1.27 and 1 < D ≤ 1.151
1.168 if 1.173 < A ≤ 1.182, D > 1.151 and B ≤ 1.168
A if 1.173 < A ≤ 1.182, D > 1.151 and B > 1.168
1.168 if 1.182 < A ≤ 1.27, D > 1.151 and B ≤ 1.168
1.182 if 1.182 < A ≤ 1.27, D > 1.151 and B > 1.168
min(A, 1.31951) if 1.27 < A <
√
2 and D ≤ 1.136
1.16 if 1.27 < A <
√
2 and D > 1.136.
(5.9)

















− A4F 4{A4F 4D2E2 − 4ADE − 4FDE −D2E − E2D + 9DE} > 0.
(5.10)
Let












3 − 4 .






(C), as the second summand in
ζ(C) is independent of C. One can easily show that ζ
′′
(C) > 0 by proving
that f
′′
(C) > 0 and f(C) > 0, for all C, 1 < C ≤ min(A, 1.2174).




A if 1 < A ≤ 1.173
1.2174 if 1.173 < A ≤ 1.27 and D ≤ 1.151
A if 1.173 < A ≤ 1.182 and D > 1.151
(whether B > 1.168 or B ≤ 1.168)
1.182 if 1.182 < A ≤ 1.27 and D > 1.151
(whether B > 1.168 or B ≤ 1.168)




From Claim(iv), (5.1) and (5.3), we have µ1 ≤ C ≤ µ2. This implies ζ(C) ≤


















− A4F 4{A4F 4D2E2 − 4ADE − 4FDE −D2E − E2D + 9DE}.
= (χ1(D))
2 − χ2(D), say.
Therefore ψ
′′






















4F 4{A4F 4D2E2 − 4ADE − 4FDE −D2E − E2D + 9DE}
One can show that ψ
′′
i (D) > 0 by proving that 2(χ
′
1(D))
2 − χ′′2(D) >
0, χ1(D) > 0 and χ
′′





(1, A) if 1 < A ≤ 1.173
(1, 1.151) if 1.173 < A ≤ 1.27 and 1 < D ≤ 1.151
(1.151, A) if 1.173 < A ≤ 1.182, D > 1.151 and B ≤ 1.168
(1.151, 1.168) if 1.173 < A ≤ 1.182, D > 1.151 and B > 1.168
(1.151,min(A, 1.2174)) if 1.182 < A ≤ 1.27, D > 1.151
and B ≤ 1.168
(1.151, 1.168) if 1.182 < A ≤ 1.27, D > 1.151 and B > 1.168
(1, 1.136) if 1.27 < A <
√
2 and 1 < D ≤ 1.136
(1.136, 1.171) if 1.27 < A <
√
2 and D > 1.136.
(5.12)
From Claim(v), (5.2) and (5.5), we have ν1 ≤ D ≤ ν2. This implies ψi(D) ≤
max{ψi(ν1), ψi(ν2)}. Let ψi(νj) = ψij(E), for 1 ≤ i ≤ 2, 1 ≤ j ≤ 2, where
ψij(E) =
{










− A4F 4{A4F 4ν2jE2 − 4AνjE − 4FνjE − ν2jE − E2νj + 9νjE}.
It is easy to check that ψ
′′
ij(E) > 0. So ψ
′
ij(E) is an increasing function of E.
So for E ≤ A, ψ′ij(E) ≤ ψ′ij(A), which can be seen to be negative for all A
and F , 1 < A <
√
2, 1 < F < 1.1487. Hence ψij(E) is a decreasing function
of E. So for E > 1, ψij(E) < ψij(1) = θij(A, F ), say, where
θij(A, F ) =
{










− A4F 4{A4F 4ν2j − 4Aνj − 4Fνj − ν2j − νj + 9νj}.
(5.13)
Also using F < 1.1487 and F 4 ≤ 2
A
(from Claim (i)), we can take
F <
{
1.1487 if 1 < A ≤ 1.27




Now for 1 ≤ i ≤ 2, 1 ≤ j ≤ 2, θij(A, F ) are functions in two variables A and
F and can be seen to be negative for A and F lying in the corresponding
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ranges as defined in (5.14) and for λ, µi, νj as defined in (5.9), (5.11) and
(5.12) for each i and j. This contradicts (5.10) and hence (5.8).
Proposition 25. Case (5) i.e. A > 1, B > 1, C > 1, D > 1, E > 1, F ≤
1, G ≤ 1, H ≤ 1, I > 1 does not arise.
Proof.
Claim(i) E4ABCDI < 2, E < 1.1487 and FGH > 1/2
Suppose E4ABCDI ≥ 2. We use the inequality (1, 1, 1, 1, 4, 1) and get
contradiction applying Lemma 10(ii) with X2 = E, X3 = B, X4 = C, X5 =
D, X6 = I. Therefore E
4ABCDI < 2. This implies E5 ≤ 2 which gives








Claim(ii) A4EFGHI < 2, A <
√
2 and I < 1.31951
Proof is similar to Claim(ii) of Case (42)(Proposition 15).
Claim(iii) C < 1.2174
Suppose C ≥ 1.2174. Using (2, 2, 4∗, 1) and AM-GM inequality we get
ϕ(A,C, I, x) = 4A + 4C + I − 4A 32C 32 I 12x 12 + 4x 14 > 9, where x = EFGH .
Now working similarly as in Claim(iv) of Case (2)(Proposition 24), we get
ϕ(A,C, I, x) ≤ ϕ(A,C, 1, 1
2
) ≤ 9 for A ≥ C ≥ 1.2174. This gives a contradic-
tion.
Further if we have I > 1.086, then ϕ(A,C, I, x) ≤ ϕ(A,C, 1.086, 1
2
) ≤ 9 for
A ≥ C > 1.191. So we must have
C ≤ 1.191 if I > 1.086, (5.15)
Similarly we get
I ≤ 1.165 if A > 1.182 and C > 1.158; (5.16)
C ≤ 1.062 if A > 1.27 and I > 1.24; (5.17)
C ≤ 1.171 if A > 1.27; (5.18)
C ≤ 1.135 if A > 1.31951; (5.19)
C ≤ 1.102 if A > 1.373. (5.20)
Final Contradiction
Using (3, 1, 3, 1, 1) and AM-GM inequality we get 4A + 4E + D + H +
I − 2A2E2√D√H√I > 9. Left side of this inequality is a quadratic in √H.






I− (A4E4DI−4A−4E−D− I +9) 12 = α (say). (5.21)







3 −4)−1. Substituting this upper bound of G in the inequality
(1, 2, 2, 2, 1, 1), we get
H > 9−A− 2C − 2E− I − 2
{









= β (say). (5.22)
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From (5.21) and (5.22) we have β < α2. On simplifying we get












− A2E2√A4E4D2I2 − 4ADI − 4EDI −D2I − I2D + 9DI > 0. (5.23)
Working as in Case(2)(Proposition 24) we find that η(C) is an increasing





A if 1 < A ≤ 1.182
min(A, 1.2174) if 1.182 < A ≤ 1.27 and I ≤ 1.086
1.158 if 1.182 < A ≤ 1.27, I > 1.086 and C ≤ 1.158
min(A, 1.191) if 1.182 < A ≤ 1.27, I > 1.086 and C > 1.158
1.171 if 1.27 < A ≤ 1.31951 and I ≤ 1.24
1.062 if 1.27 < A ≤ 1.31951 and I > 1.24
1.135 if 1.31951 < A ≤ 1.373




Claim(iii) and (5.15), (5.17), (5.18), (5.19), (5.20) imply C ≤ λ. So η(C) ≤
η(λ), which gives
ζ(I) = A4E4DI − 3A
2










− A2E2√A4E4D2I2 − 4ADI − 4EDI −D2I − I2D + 9DI > 0. (5.25)
Write ζ(I) = φ1(I) −
√











One can easily show that ζ
′′
(I) > 0, by proving that φ
′′











(1, A) if 1 < A ≤ 1.182
(1, 1.086) if 1.182 < A ≤ 1.27 and I ≤ 1.086
(1.086, A) if 1.182 < A ≤ 1.27, I > 1.086 and C ≤ 1.158
(1.086, 1.165) if 1.182 < A ≤ 1.27, I > 1.086 and C > 1.158
(1, 1.24) if 1.27 < A ≤ 1.31951 and I ≤ 1.24
(1.24, A) if 1.27 < A ≤ 1.31951 and I > 1.24




Claim(ii) and (5.16) imply ζ(I) ≤ max{ζ(µ1), ζ(µ2)}. For j = 1, 2, let
ζ(µj) = ηj(D) = A











A4E4D2µ2j − 4ADµj − 4EDµj −D2µj − µ2jD + 9Dµj.
η′j(D) = A































Now we prove that η
′
j(D) < 0 for 1 < D ≤ A, 1 < A <
√




(0.438, 0.062) if A ≤ 1.31951




Let η′j(D) = P +Q, where
































To prove η′j(D) < 0, we show that P < 0 and Q < 0 for 1 < D ≤ A, 1 <
A <
√
2 and 1 < E < 1.1487.
Now P < 0 if θ1(D) = 4(A
4E4µj − α1)2(A4E4D2µ2j − 4ADµj − 4EDµj −
µ2jD−D2µj+9Dµj)−A4E4{2A4E4Dµ2j−4Aµj−4Eµj−2Dµj−µ2j+9µj}2 < 0.
As θ1(D) is an increasing function of D, so θ1(D) ≤ θ1(A) which is a func-
tion in two variables A and E and can be shown to be less than zero for
1 < E < 1.1487, 1 < A <
√
2 and for α1, (µ1, µ2) as given in (5.27) and
(5.26) respectively.






















j − 4)2 < 0. One finds that θ2(D,E) is a decreasing function
of E and an increasing function of D, therefore θ2(D,E) ≤ θ2(A, 1), which
is less than zero for 1 < A <
√
2 and for α1, (µ1, µ2) as given in (5.27) and
(5.26) respectively.
Thus ηj(D) is a decreasing function of D, therefore ηj(D) ≤ ηj(1), where
η1(1) = A










A4E4µ21 − 4Aµ1 − 4Eµ1 − µ1 − µ21 + 9µ1 = χ1(A,E), say.
η2(1) = A










A4E4µ22 − 4Aµ2 − 4Eµ2 − µ2 − µ22 + 9µ2 = χ2(A,E), say.
Also using E < 1.1487 and E < ( 2
AI




1.1487 if 1 < A ≤ 1.182
1.1173 if A > 1.182 and I > 1.086
1.1203 if A > 1.27
1.1096 if A > 1.31951.
(5.28)
Now χ1(A,E) and χ2(A,E) are functions in two variables A and E and can
be seen to be negative for λ, µ1, µ2 as defined in (5.24) and (5.26) and for
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A, E lying in the corresponding ranges as defined in (5.28). This contradicts
(5.25) and hence (5.23).
Proposition 26. Case (10) i.e. A > 1, B > 1, C > 1, D > 1, E ≤ 1, F >
1, G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof. Here A < 2.1326324, B ≤ 2, C ≤ 3
2
and D ≤ 4
3
. Using the weak
inequalities (1,2,2,1,2,1) and (1,2,2,2,2) we have
a + 2c− 2e + f − 2h− i > 0, (5.29)
a + 2c− 2e− 2g − 2i > 0. (5.30)
Claim(i) F 4ABCDE < 2, GHI > 1
2
and F < 1.22
Proof is same as that of Claim (i) of Case (38)(Proposition 19).
Further 2 > F 4ABCDE > F 5E ≥ F 5(3
4
) gives F < 1.22.
Claim(ii) A < 1.52
Suppose A ≥ 1.52, then using GHI > 1
2
and E ≥ 3
4





> 2. Therefore (4,1,1,1,1,1) holds, i.e. φ(y, E, F ) = 4A −
1
2
A5EFy + E + F + 2 + y > 9, where y = GHI > 1/2. One easily checks
that φ(y, E, F ) is a decreasing function of each of the variables y, E and F ,




, 1) ≤ 9 for 1.52 ≤ A < 2.1326324, a contradiction.
Claim(iii) C ≥ 1.19





e + i < a
2
+ c, respectively. Applying AM-GM inequality to (2,2,1,2,1,1) we
get 4A+4C+E+4F +H+ I−6ACF (EHI) 13 > 9. Left side is a decreasing
function of H , as A3C3F 3EI ≥ ABCDEFI = 1
GH






















3 > 0, where x = e+ i. We find that φ′′(x) > 0,
therefore φ(x) ≤ max{φ(0), φ(a
2
+c)}. Let φ(0) = ϕ1(f) and φ(a2+c) = ϕ2(f).
Now for m = 1, 2, ϕ′′m(f) > 0, so ϕm(f) < max{ϕm(0), ϕm(0.22)}, which can
be seen to be less than 0 for 0 < c ≤ min(a, 0.19) and 0 < a < 0.52. Hence
we must have C ≥ 1.19.
Claim(iv) C4ABGHI < 2 and C < 1.32
Suppose C4ABGHI ≥ 2, then (1,1,4,1,1,1) holds, i.e. φ(y, B) = A+B+
4C− 1
2
C5ABy+2+y > 9, where y = GHI > 1/2 by Claim(i). φ(y, B) is a lin-




, A), φ(1, 1), φ(1, A)},
which can be seen to be less than 9 for 1.19 ≤ C ≤ 3
2
and 1 < A < 1.52.
Hence C4ABGHI < 2.
Further 2 > C4ABGHI > C5GHI > C5 × 1
2
gives C < 1.32.
Claim(v) C > D
32
Suppose C ≤ D. Using (5.30) we have i < a
2
+ c. The inequality (3,2,3,1)




+4F − F 3
GH
+I > 9. Using E ≤ 1 and applying






, we get 4A + 4D − D2 + 4F + I −
3(A4D3F 4I)
1
3 > 9. Note that left side is a decreasing function of F and D as
A4I > (1+a)4(1− a
2
−c) > (1+a)4(1− 3a
2
) ≥ 1, for 0 < a < 0.52. So we replace
F by 1 and D by C to get that η(I) = 4A+ 4C − C2 + I − 3(A4C3I) 13 > 5.
Now η′(I) < 0, therefore η(I) < η(1− a
2
− c), which can be verified to be at
most five for 0.19 ≤ c < 0.32 and 0 < a < 0.52.
Claim(vi) i > c and e + g < a
2
Suppose i ≤ c. Applying AM-GM inequality to (1,1,3,3,1) we have A+B+
4C+4F+I−2C2F 2(ABI) 12 > 9. Left side is a decreasing function of F and B
as C4I > (1+c)4(1−c) > 1, for 0.19 ≤ c < 0.32, so we replace F and B by 1 to
get that A+4C+I−2C2(AI) 12 > 4. Now the left side is a decreasing function
of I, so we replace I by 1−c and get that 2+a+3c−2(1+c)2(1+a) 12 (1−c) 12 > 0,
which is not true for 0.19 ≤ c ≤ min(a, 0.32) and 0.19 ≤ a < 0.52. Hence we
have i ≤ c.
Now using (5.30), we get e+ g < a
2
.
Claim(vii) A > 1.38 and B > 1.035
Suppose A ≤ 1.38. Applying AM-GM to the inequality (2,2,2,2,1) we get
4A+ 4C +4E +4G+ I − 8A 34C 34E 34G 34 I 14 > 9. Here left side is a decreasing
function of I for e+g < a
2
, so we replace I by 1− a
2
−c+e+g, using (5.30) and
get that φ(x) = 8+ 7a
2
+3c−3x−8(1+a) 34 (1+c) 34 (1−x) 34 (1− a
2
−c+x) 14 > 0,
where e + g = x. Now φ′′(x) > 0 and 0 ≤ x < a
2
. Therefore φ(x) ≤
max{φ(0), φ(a
2
)}. Let φ(0) = ψ1(a, c) and φ(a2) = ψ2(a, c). We find that
ψ1(a, c) < 0 for 0.19 ≤ c < 0.32 and c ≤ a ≤ 0.52 and ψ2(a, c) < 0 for
0.19 ≤ c < 0.32 and 0.19 ≤ a ≤ 0.38. Hence we must have A > 1.38.
As B ≥ 3
4
A, we get B > 1.035.
Claim(viii) C < 1.294
If C ≥ 1.294, then using GHI > 1
2
, we have C4ABGHI > (1.294)4 ×
1.38× 1.035× 1
2
> 2, a contradiction to Claim(iv). This proves C < 1.294.
Claim(ix) i > 1.157c and e + g < a
2
− 0.157c
Suppose i ≤ 1.157c. We proceed as in Claim(vi). Here we still have
C4I > 1, so we replace F by 1, B by 1.035 and I by 1 − 1.157c to get that
2.035 + a+ 2.843c− 2√1.035(1 + c)2(1 + a) 12 (1− 1.157c) 12 > 0, which is not
true for 0.19 ≤ c < 0.294 and 0.38 < a < 0.52. Hence we have i > 1.157c.
Now using (5.30), we get e+ g < a
2
− 0.157c.
Claim(x) A > 1.483 and B > 1.112




− 0.157c instead of x ≤ a
2
. In place of ψ2(a, c) we have ψ3(a, c) = 8 + 2a+




4 (1 − 1.157c) 14 and we find that
ψ3(a, c) < 0 for 0.19 ≤ c < 0.294 and 0.38 < a ≤ 0.483. Hence we must have
A > 1.483 and B ≥ 3
4
A > 1.112.
Claim(xi) C < 1.248




Claim(xii) i > 1.35c and e+ g < a
2
− 0.35c
Suppose i ≤ 1.35c. Working as in Claim (vi) and using that B > 1.112
we get a contradiction for 0.19 ≤ c < 0.248 and 0.483 < a < 0.52.




We proceed as in Claim (vii) and use x ≤ a
2
− 0.35c instead of x ≤ a
2
. In
place of ψ2(a, c) we have ψ4(a, c) = 8+2a+4.05c−8(1+a) 34 (1+ c) 34 (1− a2 +
0.35c)
3
4 (1 − 1.35c) 14 and we find that ψ4(a, c) < 0 for 0.19 ≤ c < 0.248 and
0.483 < a < 0.52. Hence we get a contradiction.
Proposition 27. Case (13) i.e. A > 1, B > 1, C > 1, D > 1, E ≤ 1, F ≤
1, G ≤ 1, H > 1, I > 1 does not arise.
Proof. The proof is similar to that of Case (2)(Proposition 24). We give
here an outline of the proof omitting the details.
Claim(i) D4ABCHI < 2, D < 1.1487 and EFG > 1/2
(inequality used is (1,1,1,4,1,1).)
Claim(ii) A4EFGHI < 2, A <
√
2 and I < 1.31951
(inequality used is (4,1,1,1,1,1).)
Claim(iii) H < 1.2174
(inequality used is (2, 1, 4∗, 2).)
Claim(iv) B4FGHIA < 2, B5HI ≤ 4 and B < 1.31951
(inequality used is (1,4,1,1,1,1); other bounds used are 1
2
< FG ≤ 1,
1 < H < 1.2174, 1 < I < 1.31951 and 1 < B ≤ A < √2. B4FGHIA < 2
further gives B5HI ≤ 4 and B < 1.31951 )
Final Contradiction
Applying AM-GM to the inequality (3, 3, 1, 1, 1) we get a quadratic in-
equality in
√
G, which gives an upper bound α on
√
G. Using AM-GM
inequality in (1, 2, 2, 2, 1, 1), we find an upper bound on F and substituting
this upper bound of F in the weak inequality (2, 2, 2, 1, 1, 1), we get a lower
34
bound β on G. Comparing these lower and upper bounds on G, we get that
η(B) =
{









−A4D4{A4D4H2I2 − 4AHI − 4DHI −H2I − I2H + 9HI} > 0.
(5.31)




A if 1 < A ≤ 1.213
A if 1.213 < A ≤ 1.254, 1 < H < 1.2174 and 1 < I ≤ 1.181
A if 1.213 < A ≤ 1.254, 1 < H ≤ 1.14 and 1.181 < I ≤ A
min(A, 1.2247) if 1.213 < A ≤ 1.254, H > 1.14 and 1.181 < I ≤ 1.199









So η(B) ≤ η(λ). Now consider η(λ) as a function of H , say ζ(H). One finds
that ζ
′′




(1, A) if 1 < A ≤ 1.213
(1, 1.2174) if 1.213 < A ≤ 1.254 and 1 < H < 1.2174
(1, 1.14) if 1.213 < A ≤ 1.254 and 1 < H ≤ 1.14
(1.14, 1.2174) if 1.213 < A ≤ 1.254 and 1.14 < H < 1.2174




Therefore ζ(H) ≤ max{ζ(µ1), ζ(µ2)}. Let ζ(µi) = ψi(I), for i = 1, 2. We
find that ψ
′′
i (I) > 0 for all A and D, 1 < A <
√
2 and 1 < D < 1.1487.




(1, A) if 1 < A ≤ 1.213
(1, 1.181) if 1.213 < A ≤ 1.254 and 1 < I ≤ 1.181
(1.181, A) if 1.213 < A ≤ 1.254 and 1.181 < I ≤ A
(1.181, 1.199) if 1.213 < A ≤ 1.254 and 1.181 < I ≤ 1.199
(1.199, A) if 1.213 < A ≤ 1.254 and 1.199 < I ≤ A




Let ψi(νj) = θij(A,D). So
θij(A,D) =
{











− A4D4{A4D4µ2i ν2j − 4Aµiνj − 4Dµiνj − µ2i νj − ν2jµi + 9µiνj}.
(5.35)
Also using D < 1.1487 and D < ( 2
AI




1.1487 if 1 < A ≤ 1.213
1.1332 if A > 1.213
1.088 if A > 1.213 and I > 1.181
1.1238 if A > 1.254.
(5.36)
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For λ, µi, νj defined in (5.32), (5.33) and (5.34) the functions θij(A,D) in two
variables can be seen to be negative for A and D lying in the corresponding
ranges given in (5.36). This contradicts (5.31).
Proposition 28. Case (19) i.e. A > 1, B > 1, C > 1, D ≤ 1, E > 1, F >
1, G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof. Here a ≤ 1, b ≤ 1
2
, c ≤ 1
3
, e ≤ 1
2
, f ≤ 1
3
. Using the weak inequalities
(1,1,2,1,2,2), (1,1,2,2,2,1), (1,2,1,2,1,2), (2,2,2,1,2) and (2,2,1,2,2), we have
a+ b− 2d+ e− 2g − 2i > 0, (5.37)
a+ b− 2d+ 2f − 2h− i > 0, (5.38)
a+ 2c− d+ 2f − g − 2i > 0, (5.39)
2b− 2d+ 2f − g − 2i > 0, (5.40)
2b− 2d+ e− 2g − 2i > 0. (5.41)
Claim(i) F 4ABCDE < 2 and GHI > 1
2
Proof is same as that Claim (i) of Case (38)(Proposition 19).
Claim(ii) A4EFGHI < 2, A <
√
2 and F < 1.189208
Proof is similar to that of Claim (ii) of Case (42)(Proposition 15).
Claim(iii) d+ i > 2f and h < a+b
2
If d + i ≤ 2f , we get a contradiction using (5.37) and Lemma 7(v) with
γ = d+ i, δ = a + b+ c + e and x1 = f < 0.189208.
Claim(iv) B > C





+ E + 4F − F 3
GH









and using B ≤ A, D ≤ 1 we get
3A+ 4C − C2 + E + 4F + I − 3(A3C3F 4EI) 13 > 9. (5.42)
Using (5.40) we have i < b+ f ≤ a+ f . So left side of (5.42) is a decreasing
function of C as A3F 4I > (1+a)3(1+f)4(1−a−f) ≥ 1. Therefore we replace
C by B and get that 3A+4B−B2+E+4F+I−3(A3B3F 4EI) 13 > 9. Now left
side is a decreasing function of E as A ≥ E and B3F 4I > B3F 4(1−b−f) ≥ 1,
so replace E by 1. Therefore we have 3A+4B−B2+4F+I−3(A3B3F 4I) 13 >
8. Now left side is a decreasing function of I for I ≤ 1. So we can replace
I by 1 − b − f and get φ(f) = 4 + 3a + 3b + 3f − (1 + b)2 − 3(1 + a)(1 +
b)(1 + f)
4
3 (1 − b − f) 13 > 0. As φ′′(f) > 0 and 0 < f ≤ min(a, 0.189208),
we have φ(f) ≤ max{φ(0), φ(min(a, 0.189208))}, which is at most zero for
0 < a <
√
2− 1 and 0 < b ≤ a, a contradiction. Hence we must have B > C.
Claim(v) B < 1.31951
Proof is same as that of Claim (iii) of Case (2)(Proposition 24).
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Claim(vi) B < 1.068
Suppose B ≥ 1.068. As B > C and D ≤ 1, we have B2 > CD, so
(1,3,1,3,1) holds. Applying AM-GM inequality to (1,3,1,3,1) we have A +
4B + E + 4F + I − 2B2F 2A 12E 12 I 12 > 9. Left side is a decreasing function





2 (1−b−f) 12 > 0. We find that φ′(e) < 0. Therefore
φ(e) < φ(0) = 2+ a+3b+3f − 2(1+ b)2(1+ f)2(1+ a) 12 (1− b− f) 12 = ψ(f).
As ψ′′(f) > 0 and 0 < f < 0.189208, ψ(f) < max{ψ(0), ψ(0.189208)}, which
is at most zero for 0 < a <
√
2 − 1 and 0.068 ≤ b ≤ min(a, 0.31951), a
contradiction. Hence we must have b < 0.068.
Final Contradiction:
The inequality (1,2,1,1,1,1,1,1) gives A+4B+D+E +F +G+H + I −
2B3ADEFGHI > 9. Coefficients of F and H on the left side are negative
for B > C, 1 < F < 1.189208 and H ≤ 1, so replacing F by 1 and H by
1− a+b
2





−d−g− i+ e−2(1+ b)3(1+a)(1+ e)(1− (d+ g+ i))(1− a+b
2
) > 0.
Now the left side is an increasing function of (d + g + i), as a + b < 1. Also
d + g + i < b + e
2
using (5.41). So replacing (d + g + i) by b + e
2
, we have,










) > 0. As
φ′′(e) > 0 and 0 < e ≤ a, we have φ(e) ≤ max{φ(0), φ(a)}, which is at most
zero for 0 < a <
√
2− 1 and 0 < b < 0.068. Hence we get a contradiction.
Remark 3. Suppose the function φ(x1, x2, · · · , xr) of Remark 2 is not sym-
metric in the variables x1, x2, · · · , xr and the variables xi satisfy 0 ≤ xi ≤
ηi(xi+1, · · · , xr) for 1 ≤ i ≤ r − 1, where ηi are linear functions in vari-
ables xi+1, · · · , xr. As in Remark 2 we need to maximize or minimize the
function φ. Here the order of the variables to be considered in succession is
very vital, so we call it φord(x1, x2, · · · , xr). We find that second derivative
of φord w.r.t the variable x1 is positive in the given ranges of x1, x2, · · · , xr. So
φord(x1, x2, · · · , xr) ≤ max{φord(0, x2, · · · , xr), φord(η1(x2, · · · , xr), x2, · · · , xr)}.
Further we find second derivatives of the functions φord(0, x2, · · · , xr) and
φord(η1(x2, · · · , xr), x2, · · · , xr) w.r.t. x2 is positive within the given ranges
of x2, · · · , xr. Therefore φord(x1, x2, · · · , xr) ≤ max{φord(0, 0, x3, · · · , xr),
φord(0, η2(x3, · · · , xr), x3, · · · , xr), φord(η1(0, x3, · · · , xr), 0, x3, · · · , xr),
φord(η1(η2(x3, · · · , xr), x3, · · · , xr), η2(x3, · · · , xr), x3, · · · , xr)}. Continuing like
this we get that φord(x1, x2, · · · , xr) is bounded by a number of functions in
two variables xr−1, xr (sometimes in just one variable), all of which can be
verified to be at most zero within specific ranges of xr−1 and xr using the
software Mathematica. Hence we find that max φord(x1, x2, · · · , xr) ≤ 0.
Similarly we get that min φord(x1, x2, · · · , xr) ≥ 2, if the second derivative of
the relative functions w.r.t corresponding variable turn out to be negative.
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Proposition 29. Case (23) i.e. A > 1, B > 1, C > 1, D ≤ 1, E > 1, F ≤
1, G ≤ 1, H ≤ 1, I > 1 does not arise.
Proof. Here a ≤ 1, b ≤ 1
2
, c ≤ 1
3
and e ≤ 1
3
. Using the weak inequalities
(2,2,2,2,1) and (2,2,1,2,1,1) we have
2b− 2d− 2f − 2h+ i > 0, (5.43)
2b− 2d+ e− 2g − h+ i > 0. (5.44)
Claim(i) e < 0.183 or i < 0.7
Suppose e ≥ 0.183 and i ≥ 0.7, then E4ABCDI > E4I2D ≥ (1.183)4(1.7)2×
(3
4
) > 2. So (1,1,1,1,4,1) holds, i.e. η(B,C,D, I) = A + B + C +D + 4E −
1
2
E5ABCDI + I > 9. Now η(B,C,D, I) is a decreasing function in each of
the variables B, C, D and I for B > 1, C > 1, D > 3
4
, E ≥ 1.183 and
A ≥ I ≥ 1.7. So η(B,C,D, I) < η(1, 1, 3
4
, 1.7) < 9 for 1.183 ≤ E ≤ 4
3
and
1 < A ≤ 2. Hence we must have e < 0.183 or i < 0.7.
Claim(ii) E4ABCDI < 2 and FGH > E
3
2
Suppose E4ABCDI ≥ 2, then (4*,4,1) holds, i.e. φ(x) = 4x 14 + 4E −
1
2
E5xI + I − 9 > 0, where x = ABCD. Working as in Claim(i) of Case
(42)(Proposition 15) we get a contradiction when either 1 < E < 1.183,
1 < I ≤ 2 or 1 < E ≤ 4
3
, 1 < I < 1.7, which gives a contradiction. Hence
E4ABCDI < 2, i.e. E
3
FGH




Claim(iii) A4EFGHI < 2, A <
√
2 and E < 1.189208
Proof is same as that of Claim (ii) of Case (42)(Proposition 15).
Claim(iv) B < 1.31951
Proof is similar to Claim (iii) of Case (2)(Proposition 24).
Claim(v) d+ f > 0.38b+ 0.2i
Suppose d+f ≤ 0.38b+0.2i. Applying AM-GM inequality to (1,2,2,2,1,1)
we get φord(h, d+ f, i, b, a) = 6+ a+4b− 4(d+ f)− h+ i− 6(1+ b)(1− (d+
f))(1+ a)
1
3 (1−h) 13 (1+ i) 13 > 0, where 0 ≤ h < b+ i
2
− (d+ f)(using (5.43)),
0 ≤ d + f ≤ 0.38b+ 0.2i, 0 < i ≤ a and 0 < b ≤ min(a, 0.31951). Following
Remark 3 we find that max φord(h, d + f, i, b, a) ≤ 0 for 0 < a <
√
2 − 1.
Hence we must have d+ f > 0.38b+ 0.2i.
Final Contradiction
Using (5.43) and Claim (v) we have h < b + i
2
− (d + f) < 0.62b + 0.3i.




. Applying AM-GM inequality to
(1,2,1,2,1,1,1) we get 4+ a+4b+4e− (d+ g)− h+ i− 4(1+ b) 32 (1+ e) 32 (1+
a)
1
2 (1 − (d + g)) 12 (1 − h) 12 (1 + i) 12 > 0. Left side is an increasing function of

















2 (1− h) 12 (1 + i) 12 > 0,
where 0 ≤ h < 0.62b + 0.3i, 0 < e < 0.189208, 0 < i ≤ a and 0 < b ≤
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min(a, 0.31951). Following Remark 3 we find that max φord(h, e, i, b, a) ≤ 0
for 0 < a <
√
2− 1, a contradiction.
Proposition 30. Case (24) i.e. A > 1, B > 1, C > 1, D ≤ 1, E > 1, F ≤
1, G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof. Here a ≤ 1, b ≤ 1
2
, c ≤ 1
3
, e ≤ 1
3
. Using the weak inequalities
(2,2,2,1,1,1), (2,2,1,2,1,1), (2,2,2,2,1) and (2,2,2,1,2), we have
2b− 2d− 2f − g − h− i > 0, (5.45)
2b− 2d+ e− 2g − h− i > 0, (5.46)
2b− 2d− 2f − 2h− i > 0, (5.47)
2b− 2d− 2f − g − 2i > 0. (5.48)
Claim(i) E < 1.26
Proof is same as that of Case(i) of Case (43)(Proposition 14).
Claim(ii) B ≥ 1.357
Suppose B < 1.357. The inequality (1,2,1,1,1,1,1,1) gives A+4B+DF +
E+G+H+ I−2B3ADEFGHI > 8. Coefficient of DF on left side is nega-
tive as 2B3AEGHI > 2
C
> 1 and from (5.45) we have DF > 1− (b− g+h+i
2
),
so replacing DF by 1− (b− g+h+i
2
) and simplifying we get
φord(g, e, h, i, b, a) = 2 + a + 3b+ e− g+h+i2 − 2(1 + b)3(1 + a)(1 + e)(1− g)









0 ≤ h < b− i
2
and 0 ≤ i < b. Also 0 < e < 0.26. Therefore following Remark
3 we find that max φord(g, e, h, i, b, a) ≤ 0 for 0 < b ≤ min(a, 0.357) and 0 <
a ≤ 1. Hence we get a contradiction.
Claim(iii) B ≤ 1.39
Suppose B > 1.39. We first prove that B4AFGHI > 2.
B4AFGHI > (1+ b)5(1−f)(1−g)(1−h)(1− i) > (1+ b)5(1− b+ g+h+i
2
)(1−




















)(1 − b + h+i
2
− 0.13)(1 − h)(1 − i) = ψord(h, i, b),
where 0 ≤ h < b − i
2
and 0 ≤ i < b. Following Remark 3 we find that
min ψord(g, h, i, b, a) ≥ 2 for 0.39 < b ≤ 0.5. Hence B4AFGHI > 2 and so
the inequality (1,4,1,1,1,1) holds, i.e. χ(F ) = A + 4B − 1
2
B5AFGHI + F +
G+H + I > 9. Now the left side is a decreasing function of F for B > 1.39,




, 0 ≤ h < b− i
2
and 0 ≤ i < b. Therefore we can replace
F by 1− b+ g+h+i
2
to get
ϕord(g, h, i, b, a) = a+ 3b− g+h+i2 − 12(1 + b)5(1 + a)(1− g)(1− h)(1− i)(1−
b+ g+h+i
2




, 0 ≤ h < b− i
2
and 0 ≤ i < b.
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Following Remark 3 we find that max ϕord(g, h, i, b, a) ≤ 0 for 0.39 < b ≤ 12
and 0.39 < a ≤ 1. Hence we must have B ≤ 1.39.
Claim(iv) E ≤ 1.142
Suppose E > 1.142. From (5.48) we have d+i < b. Therefore E4ABCDI >
(1+e)4(1+b)2(1−d)(1−i) > (1+e)4(1+b)2(1−(d+i)) > (1+e)4(1+b)2(1−b) >
2, for e > 0.142 and 0.357 < b < 0.39. Hence E4ABCDI > 2. So (4*,4,1)
holds. Now working as in Case (43)(Proposition 14) and using lower bound
of E as 1.142, we get a contradiction.
Final Contradiction:








. Proceeding as in Claim (iii), we get B4AFGHI >
2, for 0.357 < b < 0.39. So the inequality (1,4,1,1,1,1) holds and we again
get a contradiction as in Claim (iii).
Proposition 31. Case (29) i.e. A > 1, B > 1, C > 1, D ≤ 1, E ≤ 1, F >
1, G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof. Here a ≤ 1, b ≤ 1
2
, c ≤ 1
3
and f ≤ 1
3
. Using the weak inequalities
(2,2,1,2,1,1), (2,2,1,1,2,1), (2,2,1,2,2) and (2,1,2,2,2) we have
2b− 2d− e− 2g − h− i > 0, (5.49)
2b− 2d− e + f − 2h− i > 0, (5.50)
2b− 2d− e− 2g − 2i > 0, (5.51)
2b+ c− 2e− 2g − 2i > 0. (5.52)
Claim(i) F 4ABCDE < 2 and GHI > 1
2
Proof is same as that of Claim (i) of Case (38)(Proposition 19),
Claim(ii) B ≤ 1.29
Suppose B > 1.29, we prove that B4AFGHI ≥ 2. Using (5.49), (5.50)
and (5.51) respectively we have g < b − h+i
2




and i < b. So
B4AFGHI > (1+b)5(1+f)(1−b+ h+i
2
)(1−h)(1−i) = η(h). Now η′(h) < 0,















)(1 − i) = φ(i). We find that φ′′(i) < 0, so φ(i) ≥ min{φ(0), φ(b)},
which can be seen to be greater than 2 for 0.29 < b ≤ 0.5 and 0 < f ≤ 1
3
. So
we have B4AFGHI ≥ 2 and therefore (1,4,1,1,1,1) holds. Now we proceed
as in Claim (iii) of Case (2)(Proposition 24) and get a contradiction.
Claim(iii) B > C
Suppose B ≤ C. The inequality (2,2,1,3,1) holds. Now working as in
Claim(iv) of Case (19)(Proposition 28), we have (5.42), i.e 4+ 3a+4c− (1+
c)2+4f−(e+i)−3(1+a)(1+c)(1+f) 43 (1−(e+i)) 13 > 0. A simple calculation
shows that left side is a decreasing function of f first, so we replace f by 0;
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an increasing function of e+ i so we replace e+ i by b+ c
2
(using (5.52)); then
a decreasing of c, so we replace c by b to get 4 + 3a + 5b
2
− (1 + b)2 − 3(1 +




3 > 0, but this is not true for 0 < a ≤ 1 and 0 < b ≤ 0.29.
Hence B > C.
Claim(iv) a ≤ 3b
If b < a
3
, then we get a contradiction using (5.49) and Lemma 7(iii) with
x1 = a ≤ 1 and γ = d+ e + g + h + i.
Claim(v) e ≥ b
2
Suppose e < b
2
. Applying AM-GM to the inequality (1,3,1,3,1) we get
A+ 4B +E + 4F + I − 2
√
B4F 4AEI > 9. Left side is a decreasing function
of F as F > 1 and B4AEI > B5(1 − e)(1 − i) > B5(1 − b
2
)(1 − b) ≥ 1 for
0 < b ≤ 0.29, so replacing F by 1 we get A + 4B + E + I − 2
√
B4AEI > 5.
Now left side is a decreasing function of I as B4AE > 1, so replacing I by
1−b+ e
2
, we get θ(e) = 2+a+3b− e
2
−2(1+b)2√(1 + a)(1− e)(1− b+ e
2
) > 0.
Now θ′′(e) > 0 and we have 0 ≤ e < b
2
, so θ(e) ≤ max{θ(0), θ( b
2
)}. We find
that θ(0) and θ( b
2
) are at most zero for b < a ≤ 3b and 0 < b ≤ 0.29. Hence




Using (5.51) and Claim(v) we have d+ g < b− e
2
− i < 3b
4
− i. Applying
AM-GM to the inequality (1,2,2,1,2,1), we have A+4B+4D+F +4G+ I−
6BDG(AFI)
1

















)(1−b) 13 > 1, so we replace F
by 1 and get that 6+a+4b−4(d+g)−i−6(1+b)(1−(d+g))(1+a) 13 (1−i) 13 > 0.
Now the left side is an increasing function of d+g for i < b, so we replace d+g
by 3b
4




3 (1−i) 13 > 0.
Now η′′(i) > 0, so η(i) ≤ max{η(0), η(b)}. We find that η(0) and η(b) are at
most zero for 0 < b ≤ 0.29 and b ≤ a ≤ 3b. Hence we have a contradiction.
Proposition 32. Case (30) i.e. A > 1, B > 1, C > 1, D ≤ 1, E ≤ 1, F ≤
1, G > 1, H > 1, I > 1 does not arise.
Proof. Here a ≤ 1, b ≤ 1
2
, c ≤ 1
3
. Using the weak inequalities (1, 1, 2, 2, 1, 1, 1),
(2, 2, 2, 1, 1, 1), (1, 2, 1, 2, 1, 1, 1) and (1, 2, 2, 1, 1, 1, 1) we get
a+ b− 2d− 2f + g + h+ i > 0, (5.53)
2b− 2d− 2f + g + h+ i > 0, (5.54)
a+ 2c− d− 2f + g + h+ i > 0, (5.55)
a + 2c− 2e− f + g + h + i > 0. (5.56)
Claim(i) a < 0.588
41
Suppose a ≥ 0.588. Then A6GHI > A6 > 16. Therefore the inequality
(6, 1, 1, 1) holds. That is 4A− 1
16
A7GHI +G+H + I > 9. As the left hand
side is a decreasing function of G, H and of I, we can replace each of G, H
and I by 1 to get 4A− 1
16
A7 > 6, which is not true for a ≥ 0.588.
Claim(ii) C4GHIAB < 2 and c < 0.149
Suppose C4GHIAB ≥ 2. Therefore (1, 1, 4, 1, 1, 1) holds i.e. A + B +
4C − 1
2
C5GHIAB+G+H + I > 9, which is not true, by Lemma 10(ii) with
X2 = C, X3 = B, X4 = G, X5 = H, X6 = I.
Now C4GHIAB < 2 implies C5 < 2 and so c < 0.149.
Claim(iii) b < 0.202
Suppose b ≥ 0.202. We first show that B4FGHIA > 2. Let g+h+ i = k.
We consider the following cases:
Case(i) k < a. Here using f < b + k
2
from (5.54) we have B4FGHIA >
(1+b)4(1+a)(1−b− k
2
)(1+k) = φ(k) ≥ min{φ(0), φ(a)} > 2 for b ≤ a < 0.588
and 0.202 ≤ b ≤ 0.5.
Case(ii) a ≤ k < 2a, a ≥ 0.4. Here using that F ≥ 0.46873B, we have
B4FGHIA ≥ (0.46873)B5A(1 + a) ≥ 0.46873(1.202)5(1.4)2 > 2.
Case(iii) a ≤ k < 2a, a < 0.4. B4FGHIA > (1 + b)4(1 + a)(1 − b −
g+h+i
2
)(1 + g)(1 + h)(1 + i) = φ(g, h, i) ≥ min{φ(a, 0, 0), φ(a, a, 0)} > 2 for
0.202 ≤ b ≤ a < 0.4 .
Case(iv) 2a ≤ k < 3a, a ≥ 0.3. Here using that F ≥ 0.46873B, we have
B4FGHIA > (0.46873)B5A(1+2a) > 0.46873(1.202)5(1.3)(1+2× 0.3) > 2.
Case(v) 2a ≤ k < 3a, a < 0.3. B4FGHIA > (1 + b)4(1 + a)(1 − b −
g+h+i
2
)(1 + g)(1 + h)(1 + i) = φ(g, h, i) ≥ min{φ(a, a, 0), φ(a, a, a)} > 2 for
0.202 ≤ b ≤ a < 0.3.
Therefore the inequality (1, 4, 1, 1, 1, 1) holds i.e. A + 4B − 1
2
B5FGHIA +
F + G +H + I > 9. The left side of this inequality is a decreasing function
of F , for B > 1.13. We have 2F ≥ C and F ≥ 2
3





. Also from (5.55), c + a+g+h+i
2
> f + d
2























Following Remark 2 we find that max χ(g, h, i) ≤ 0 for 0.202 ≤ b ≤ 1
2
and
0 < a < 0.588. This gives a contradiction.
Claim(iv) a > 0.276
Suppose a ≤ 0.276.
Case(i) f < 0.45b+ 0.395(g + h + i), i.e. F > 1− 0.45b− 0.395(g + h + i).
Using the inequality (2, 3, 1, 1, 1, 1) we have 2B + 4C − C4FGHIAB + F +
G+H + I > 9. As ABFGHI > AB(1− 0.45b− 0.395(g + h+ i))GHI > 1,
42
the left side is a decreasing function of C and F , we can replace C by 1 and
F by 1− 0.45b− 0.395(g + h+ i) to get
φ(g, h, i) = 1 + 1.55b+ 0.605(g + h+ i)− (1 + a)(1 + b)×
{1− 0.45b− 0.395(g + h + i)}(1 + g)(1 + h)(1 + i) > 0.
Following Remark 2 we find that max φ(g, h, i) ≤ 0 for 0 < b ≤ min(a, 0.202)
and 0 < a ≤ 0.276. This gives a contradiction.
Case(ii) f ≥ 0.45b+ 0.395(g + h+ i).
From (5.54) we get d < b+ g+h+i
2
− f < b+ g+h+i
2
− (0.45b+0.395(g+h+ i)),
i.e. d < 0.55b + 0.105(g + h + i). Applying AM-GM to the inequality
(1, 2, 2, 1, 1, 1, 1) we have A+4B+4D+F+G+H+I−4
√
B3D3AFGHI > 9.
The left hand side is a decreasing function of F so replacing F by 1 − b −
g+h+i
2
+ d and simplifying we get
ηord(d, g, h, i, b, a) = 4 + a + 3b+
g+h+i
2





2 (1 + a)
1
2 (1 + g)
1
2 (1 + h)
1
2 (1 + i)
1
2 > 0,
where 0 ≤ d < 0.55b + 0.105(g + h + i), 0 < g ≤ a, 0 < h ≤ a and
0 < i ≤ a. Following Remark 3 we find that max ηord(d, g, h, i, b, a) ≤ 0 for
0 < b ≤ min(a, 0.202) and 0 < a ≤ 0.276, which gives a contradiction. Hence
A > 1.276.
Claim(v) b < 0.174
Suppose b ≥ 1.174. We first show that B4FGHIA > 2. We consider the
following cases:
Case(i) k < a. Here using f < b + k
2
we have B4FGHIA > (1 + b)4(1 +
a)(1− b− k
2
)(1+ k) = φ(k) ≥ min{φ(0), φ(a)} > 2 for 0.276 < a < 0.588 and
0.174 ≤ b < 0.202.
Case(ii) a ≤ k < 2a, a ≥ 0.53. Here using that F ≥ 0.46873B, we have
B4FGHIA ≥ 0.46873(1.174)5(1.53)2 > 2.
Case(iii) a ≤ k < 2a, a < 0.53. B4FGHIA > (1 + b)4(1 + a)(1 − b −
g+h+i
2
)(1 + g)(1 + h)(1 + i) = φ(g, h, i) ≥ min{φ(a, 0, 0), φ(a, a, 0)} > 2 for
0.276 ≤ a < 0.53 and 0.174 ≤ b < 0.202.
Case(iv) 2a ≤ k < 3a. Here using that F ≥ 0.46873B, we have B4FGHIA >
(0.46873)B5A(1 + 2a) > (0.46873)(1.174)5(1.276)(1 + 2× 0.276) > 2.
Now working as in Claim(iii) and using lower bound of b as 0.174, the in-
equality (1, 4, 1, 1, 1, 1) gives a contradiction.
Claim(vi) a > 0.3
Suppose a ≤ 0.3.
Case(i) f < 0.5b+ 0.425(g + h+ i).
We use the inequality (2, 3, 1, 1, 1, 1) and work as in Case(i) of Claim(iv). We
still have ABFGHI > 1. So we replace C by 1 and F by 1−0.5b−0.425(g+
h + i) to get a contradiction for 0 < b < 0.174 and 0.276 < a < 0.3.
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Case(ii) f ≥ 0.5b+ 0.425(g + h + i).
Using (5.54) we get d < 0.5b + 0.075(g + h + i). We use the inequal-
ity (1, 2, 2, 1, 1, 1, 1) and proceed as in Case(ii) of Claim(iv) to get η(d) ≤
max{η(0), η(0.5b+0.075(g+h+ i))}, which is again at most zero for 0.276 <
a ≤ 0.3 and 0 < b < 0.174, giving thereby a contradiction. Hence A > 1.3.
Claim(vii) f > 2c, c < 0.076 and g + h + i < 2a
Suppose f ≤ 2c. From (5.53) we have f < 1
2
(a + b + g + h + i). We
use (1, 1, 3, 1, 1, 1, 1) and apply Lemma 7(v) with X1 = C, γ = f and δ =
a+ b+ g + h+ i. So we have γ < δ
2
, x1 < 0.149 and γ ≤ 2x1. This gives a
contradiction. Hence we must have f > 2c.
If c ≥ 0.076 then C4GHIAB > C4A(1+b+g+h+i) > C4(1.3)(1+2c) > 2,






> f > 2c from inequality (5.54). This contradicts
Claim (ii).
Also if g+ h+ i ≥ 2a, then C4ABGHI > (1 + c)4(1 + a)(1 + g + h+ i) ≥
(1 + a)(1 + 2a) > 2, for a > 0.3. Again a contradiction to Claim (ii).
Claim(viii) A4EFGHI < 2 and A < 1.362
Suppose A4EFGHI ≥ 2. Applying AM-GM to the inequality (4, 2, 1, 1, 1)
we get 4A+4E−2A 52E 32G 12H 12 I 12 +2+GHI > 9. The left side is a decreasing
function of E for E > 2
3
and A > 1.3. So replacing E by 2
3
we get φ(x) =
4A + 8
3






2 + 2 + x > 9, where 1 < x = GHI ≤ A3. As φ′′(x) > 0,
we have φ(x) ≤ max{φ(1), φ(A3)}. One can easily check that φ(1) and φ(A3)
are less than 9 for 1.3 < A < 1.588; a contradiction. So A4EFGHI < 2.





> 2, a contradiction.
Claim(ix) f ≥ 1.6c+ 0.57(g + h + i)
Suppose f < 1.6c+ 0.57(g + h+ i)
Using the inequality (2, 3, 1, 1, 1, 1) we have 2B + 4C − C4FGHIAB + F +
G+H + I > 9. As the coefficient of B namely 2−C4FGHIA > 0 by Claim
(ii), we can replace B by 1.174 and then F by 1 − 1.6c− 0.57(g + h + i) to
get
φord(g, h, i, c, a) = 1 + 2(0.174) + 2.4c+ 0.43(g + h + i)− (1 + c)4(1 + a)×
{1− 1.6c− 0.57(g + h+ i)}(1 + g)(1 + h)(1 + i)(1 + 0.174) > 0.
Following Remark 3 one finds that max φord(g, h, i, c, a) ≤ 0 for 0 < g <
2a − h − i, 0 < h ≤ a, 0 < i ≤ a, 0 < c < 0.076 and 0.3 < a < 0.362. This
gives a contradiction. So we must have f ≥ 1.6c+ 0.57(g + h+ i).
Claim(x) g + h + i > a
Suppose if possible k = g + h + i ≤ a. From (5.56) and Claim (ix)
we get e < a+2c+k−f
2
< 0.5a + 0.2c + 0.215k. Also from (5.54) we have
d + f < b + k
2
< 0.174 + k
2




(2, 1, 1, 1, 1, 1, 1, 1) we have 4A−2A3CDEFGHI+C+DF+E+G+H+I > 8.
Left side is a decreasing function ofDF and E, replacingDF by 1−(0.174+ k
2
)
and E by 1− (0.5a+ 0.2c+ 0.215k) we get
ψ(k) = 1.826 + 3.5a+ 0.8c+ 0.285k − 2(1 + a)3(1 + c)×
(0.826− k
2
)(1− 0.5a− 0.2c− 0.215k)(1 + k) > 0.
Again one finds that ψ′′(k) > 0, therefore ψ(k) ≤ max{ψ(0), ψ(a)}, which is
at most 0 for 0.3 < a < 0.362 and 0 < c < 0.076. This gives a contradiction.
Claim(xi) b < 0.134
Suppose b ≥ 0.134. Here using f < b+ g+h+i
2
, we have B4FGHIA > (1+
b)4(1+a)(1−b−g+h+i
2
)(1+g)(1+h)(1+i) = φ(g, h, i) > min{φ(a, 0, 0), φ(a, a, 0)} >
2, for 0.134 ≤ b < 0.174 and 0.3 < a < 0.362. Therefore B4FGHIA > 2.
Now working as in Claim (iii) and using lower bound of b as 0.134, the in-
equality (1, 4, 1, 1, 1, 1) gives a contradiction.
Claim(xii) c < 0.044 and a < 0.3329
If c ≥ 0.044 then C4GHIAB > C4(1 + a)2 > 2 for a > 0.3, which
contradicts Claim (ii). So we have c < 0.044.






contradiction to Claim (viii).
Final contradiction
If f < 0.8b + 0.5(g + h + i), we use the inequality (2, 3, 1, 1, 1, 1) and
work as in Case (i) of Claim (iv) to get a contradiction for b < 0.134 and
0.3 < a < 0.3329. If f ≥ 0.8b+ 0.5(g + h+ i), we find d < 0.2b. Again using
the inequality (1, 2, 2, 1, 1, 1, 1) and working as in Case (ii) of Claim (iv), we
get a contradiction for 0.3 < a < 0.3329 and 0 < b < 0.134.
Proposition 33. Case (31) i.e. A > 1, B > 1, C > 1, D ≤ 1, E ≤ 1, F ≤
1, G > 1, H ≤ 1, I > 1 does not arise.
Proof. Here a ≤ 1, b ≤ 1
2
, c ≤ 1
3
and g ≤ 1
3
. Using the weak inequalities
(2,2,2,2,1), (1,2,1,2,2,1) and (1,2,2,1,2,1) we have
2b− 2d− 2f − 2h+ i > 0, (5.57)
a+ 2c− d− 2f − 2h+ i > 0, (5.58)
a + 2c− 2e− f − 2h+ i > 0. (5.59)
Claim(i) C < 1.217
Suppose C ≥ 1.217, then C4ABGHI > C5H ≥ (1.217)5(3
4
) > 2. Apply-
ing AM-GM to the inequality (1, 1, 4, 2, 1) we get A + B + 4C + 4G + I −
2
√
C5G3ABI > 9. Left side is a decreasing function of I for 1 < I ≤ A,
we replace I by 1 to get that A + B + 4C + 4G − 2
√
C5G3AB > 8. We
can successively replace B and G by 1 with the similar argument to get that
A+4C−2
√
C5A > 3. But this is not true for 1.217 ≤ C ≤ 4
3
and 1 < A ≤ 2.
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Claim(ii) A < 1.54




1.5×1.217 > 2. Also 2E >














get 4A+4E +3G+ I − 3(A5E3G3I) 13 > 9. Left side is a decreasing function
of E for A ≥ 1.2, so we can replace E by 0.46873A to get 4A+4(0.46873)A+
3G + I − 3(0.46873)(A8G3I) 13 > 9. Again left side is a decreasing function
of G for A > 1.33; so we can replace G by 1 to get 4A + 4(0.46873)A+ I −
3(0.46873)(A8I)
1
3 > 6, which is not true for 1 < I ≤ A ≤ 2. So A < 1.54.
Claim(iii) B < 1.21
Suppose B ≥ 1.21. Using (5.57) we have f+h < b+ i
2
. Then B4AFGHI >
B4AI(1 − (f + h)) > (1 + b)4(1 + a)(1 + i)(1 − b − i
2
) = η(i), say. We find
that η′′(i) < 0, so for 0 < i ≤ a, η(i) ≥ min{η(0), η(a)} >2 for 0.21 ≤ b ≤
a < 0.54. Applying AM-GM to (1,4,1,2,1) we get A + 4B + F + 4G + I −
2
√
B5G3AFI > 9. The left side is a decreasing function of F . Replacing F
by 0.46873B we get A+4B+0.46873B+4G+ I−2√(0.46873)B6G3AI > 9.
Now for B ≥ 1.21, the left side is decreasing function of G and I, so replacing
G and I by 1, we get A + 4B + 0.46873B − 2√(0.46873)B6A > 4, which is
not true for 1.21 ≤ B ≤ A ≤ 1.54. Hence we must have B < 1.21.
Claim(iv) C < 1.122
Suppose C ≥ 1.122. As (2,3,1,1,1,1) holds i.e. 4A − 2A2
B
+ 4C − C3
DE
+





we get 3A + 4C + F + G + H + I − 2
√
C4A3FGHI > 9. Now left side
is a decreasing function of C as A3FGHI > ABCFGHI = 1
DE
≥ 1, so
we replace C by 1.122 and get that 2 + 3a + 4(0.122) + g + i − (f + h) −
2(1.122)2
√
(1 + a)3(1 + g)(1 + i)(1− (f + h)) > 0. As the left side is an
increasing function of f + h and f + h < b+ i
2
< 0.21 + i
2
, we have




(1 + a)3(1 + g)(1 + i)(0.79− i
2
) > 0.
Now η′′(i) > 0, so η(i) ≤ max{η(0), η(a)}, which can be verified to be at most
zero for 0.122 ≤ a ≤ 0.54 and 0 < g ≤ 1
3
. Hence we must have C < 1.122.
Claim(v) A > 1.336
Suppose A ≤ 1.336. Applying AM-GM to the inequality (2,2,1,1,1,1,1)
we have 4A + 4C + E + F + G + H + I − 4
√
A3C3EFGHI > 9. Left side











we replace G by 1 and use E +H < 1 + EH to get 4A + 4C + EH + F +
I − 4
√
A3C3EHFI > 7. Now the left side is a decreasing function of EH ,



















where 0 ≤ f < a+i
2
+ c (using (5.58)) and 0 < i ≤ a. Following Remark 3 we
find that max φord(f, i, c, a) ≤ 0 for 0 < a ≤ 0.336 and 0 < c < 0.122. This
gives a contradiction.
Claim(vi) C ≤ 1.085
Suppose C > 1.085. Now proceeding as in Claim (iv) and replacing C
by 1.085 instead of 1.122 we get a contradiction for 0.336 < a < 0.54 and




We have 1.336 < A < 1.54, C ≤ 1.085 and B < 1.21. We prove that
A4EFGHI > 2. Note that e + h < a+i
2




+ 0.085 − f
2
. So





)(1 − f) = η(f). Now η′′(f) < 0 and 0 ≤ f < b + i
2
< 0.21 + i
2
.
Therefore η(f) ≥ min{η(0), η(0.21+ i
2
)}, which can be verified to be greater
than 2 for 0.336 < a < 0.54 and 0 < i ≤ a. Hence A4EFGHI > 2. So
(4,2,2,1) holds. Working as in Claim (ii) we get a contradiction.
Proposition 34. Case (34) i.e. A > 1, B > 1, C > 1, D ≤ 1, E ≤ 1, F ≤
1, G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof. Here a ≤ 1, b ≤ 1
2
and c ≤ 1
3
. Using the weak inequalities
(2,2,2,1,1,1), (2,2,2,1,2), (2,2,1,1,1,1,1), (2,2,1,2,1,1), (2,2,1,2,2), (2,2,2,2,1)
and (1,2,2,1,1,1,1) we have
2b− 2d− 2f − g − h− i > 0, (5.60)
2b− 2d− 2f − g − 2i > 0, (5.61)
2b− 2d− e− f − g − h− i > 0, (5.62)
2b− 2d− e− 2g − h− i > 0, (5.63)
2b− 2d− e− 2g − 2i > 0, (5.64)
2b− 2d− 2f − 2h− i > 0, (5.65)
a+ 2c− 2e− f − g − h− i > 0. (5.66)
Claim(i) b < 0.313
Suppose b ≥ 0.313. From (5.60), (5.63), (5.65) and (5.61) we have
f < b − g+h+i
2
, g < b − h+i
2
, h < b − i
2
and i < b, respectively. Therefore
B4FGHIA ≥ (1+b)5(1−b+ g+h+i
2
)(1−g)(1−h)(1−i) = φ(g). As φ′(g) < 0,
we have φ(g) > φ(b− h+i
2







ψ(h). Now ψ′′(h) < 0, so ψ(h) ≥ min{ψ(0), ψ(b− i
2
)}, which is greater than
2 for 0.313 ≤ b ≤ 0.5 and 0 ≤ i < b. Hence we have B4AFGHI > 2, so
(1, 4, 1, 1, 1, 1) holds i.e. A+ 4B − 1
2
B5FGHIA+ F +G+H + I > 9. Since
B5FGHI > 2, the coefficient of A is negative, we can replace A by B to get
5B − 1
2
B6FGHI + F +G+H + I > 9. Now the coefficient of F is negative
and F > 1− b+ g+h+i
2
, therefore we get
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where 0 ≤ g < b − h+i
2
, 0 ≤ h < b − i
2
and 0 ≤ i < b. Following Remark
3 we find that max φord(g, h, i, b) ≤ 0 for 0 < b ≤ 0.5. Hence we get a
contradiction.
Claim(ii) B > C
Suppose B ≤ C. Using (5.64) and (5.65) we have g+ i < b and f +h < b,
respectively, i.e. GI > 1 − b and FH > 1 − b respectively. The inequality
(1,1,3,1,1,1,1) holds, i.e. A+B + 4C − C4ABFGHI + F +G+H + I > 9.
Left side is a decreasing function of C as C3ABFGHI > B5(1 − b)2 ≥ 1,
for 0 < b < 0.313, so we replace C by B. Also using F +H < 1 + FH and
G + I < 1 + GI, we get A + 5B − B5A(FH)(GI) + FH + GI > 7. Now
the left side is a decreasing function of FH as B5AGI > B6(1 − b) > 1 for
0 < b < 0.313, so we replace FH by 1−b. Similarly replacing GI by 1−b, we
get 1 + a+ 3b− (1 + b)5(1 + a)(1− b)2 > 0. Now the left side is a decreasing
function of a, so replacing a by b, we get 1 + 4b− (1 + b)6(1− b)2 > 0, which
is not true for 0 < b < 0.313. Hence we must have B > C.
Claim(iii) C ≤ 1.215
Suppose C > 1.215, then b > 0.215 using Claim (ii). C4ABGHI >
C4B2(1− b+ h+i
2
)(1− h)(1− i) = φ(h) > φ(b− i
2







)(1−i) = η(b, i). Now η(b, i) > 2 for 0.215 < b < 0.313 and 0 ≤
i < b. Hence (1,1,4,1,1,1) holds, i.e. A+B+4C− 1
2
C5ABGHI+G+H+I > 9.
The left side is a decreasing function of C and G, so we replace C by 1.215
and G by 1−b+ h+i
2
to get φord(h, i, b, a) = a+4×0.215− h+i2 − 12(1.215)5(1+
a)(1 + b)(1− b+ h+i
2
)(1− h)(1− i) > 0, where 0 ≤ h < b− i
2
and 0 ≤ i < b.
Following Remark 3 we find that max φord(h, i, b, a) ≤ 0 for 0 < b < 0.313
and 0 < a ≤ 1. Hence C ≤ 1.215.
Claim(iv) d+ f > 0.472b and g + h+ i < 1.056b
Suppose d+f ≤ 0.472b. Applying AM-GM inequality to (1, 2, 2, 2, 1, 1) we
have 6+a+4b−4(d+f)−h−i−6(1+b)(1−d)(1−f )(1+a) 13 (1−h) 13 (1−i) 13 > 0.
Left side is an increasing function of h as 2(1 + b)(1 − d − f)(1 − i) 13 >
2(1 + b)(1− 0.472b)(1− b) 13 > 1 and we have h < b− d− f − i
2
, using (5.65).
Therefore replacing h by b− d− f − i
2
we get
φord(i, d+ f, b, a) = 6+a+3b−3(d+ f)− i2 −6(1+ b)(1−d− f)(1+a)
1
3 (1−




3 (1− i) 13 > 0, where 0 ≤ i ≤ b− d− f (using (5.61)) and 0 ≤
d+ f ≤ 0.472b. Following Remark 3 we find that max φord(i, d+ f, b, a) ≤ 0
for 0 < b < 0.313 and b ≤ a ≤ 1. Hence we have d + f > 0.472b. Now using
(5.60), we get g + h+ i < 2b− 2(d+ f) < 2b− 2(0.472b) < 1.056b.
Claim(v) B ≤ 1.255
Suppose B > 1.255, then B4AFGHI > (1 + b)5(1 − b + g+h+i
2
)(1 − (g +
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h+ i)) > (1 + b)5(1− b+ 1.056b
2
)(1− 1.056b) > 2, for 0.255 < b < 0.313. Now
we get a contradiction using (1,4,1,1,1,1) and proceeding as in Claim (i).
Claim(vi) C ≤ 1.157
Suppose C > 1.157, then C4ABGHI > (1.157)4(1+ b)2(1− (g+h+ i)) >
(1.157)4(1 + b)2(1 − 1.056b) > 2, for 0.157 < c < b ≤ 0.255. Now working as
in Claim (iii) and using lower bound of c as 0.157, the inequality (1,1,4,1,1,1)
gives a contradiction. Hence C ≤ 1.157.
Claim(vii) A ≤ 1.43





1.255×1.157 > 2. So
(4,1,1,1,1,1) holds. Using E + F + G + H + I < 4 + EFGHI, we have
4A − 1
2










5, which is not true for 1.43 < A ≤ 2. Hence we have A ≤ 1.43.
Claim(viii) f + g + h+ i > 2c and e < a
2
Suppose f + g + h + i ≤ 2c. Using inequality (1, 1, 3, 1, 1, 1, 1), we have
A+B + 4C −C4FGHIAB + F +G+H + I > 9. Now the coefficients of A
and B are negative on the left side, as C4FGHI > (1+c)4(1−2c) > 1. So we
can replace both A and B by C to get 6C −C6FGHI +F +G+H + I > 9.
This implies 1 + 6c− (f + g+ h+ i)− (1 + c)6(1− f − g − h− i) > 0, which
is not true for f + g + h + i ≤ 2c and c < 0.157. Now using (5.66) we have
e < a
2




The inequality (1, 2, 1, 1, 1, 1, 1, 1) gives A+4B− 2B3DEFGHIA+D+
E + F + G +H + I > 9. As the coefficient of D is negative, we can replace
D by 1− b+ e+f+g+h+i
2
to get φord(e, f, x, b, a) = 2 + a+ 3b− e+f+x2 − 2(1 +
b)3(1 + a)(1 − b + e+f+x
2
)(1 − e)(1 − f)(1 − x) > 0, where g + h + i = x,
0 ≤ e ≤ a
2
, 0 ≤ f ≤ b − x
2
and 0 ≤ x ≤ 1.056b. Following Remark 3 we find
that max φord(e, f, x, b, a) ≤ 0 for 0 < b ≤ min(a, 0.255) and 0 < a < 0.43.
Proposition 35. Case (51) i.e. A > 1, B > 1, C ≤ 1, D > 1, E ≤ 1, F ≤
1, G ≤ 1, H > 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
, d ≤ 1
3
. Using the weak inequality (1,2,2,2,1,1),
we get
a− 2c− 2e− 2g + h+ i > 0 (5.67)
Claim(i) D4ABCHI < 2 and EFG > 1
2
Suppose D4ABCHI ≥ 2, then (3,4,1,1) holds. Applying AM-GM in-
equality we get 4A + 4D + H + I −
√
2D5A4HI − 9 > 0, i.e. ψ(h, i) =
1+4a+4d+h+ i−√2(1 + d)5(1 + a)4(1 + h)(1 + i) > 0. Following Remark
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2 we find that max ψ(h, i) ≤ 0 for 0 < a ≤ 1
2




Hence we have D4ABCHI < 2, which implies D
3
EFG
< 2, i.e. EFG > 1
2
.
Claim(ii) A4EFGHI < 2, and A <
√
2
Proof is similar to that of Claim(ii) of Case (38)(Proposition 19).
Claim(iii) g ≥ 0.406(a+ h+ i) and c+ e < 0.094(a+ h+ i)
Suppose g < 0.406(a+ h+ i). Applying AM-GM inequality to (3,3,1,1,1)
we have 4A+4D+G+H + I − 2A2D2√GHI > 9. Left side is a decreasing
function of D as D > 1 and A4GHI > (1 + a)4(1 − 0.406(a + h + i))(1 +
h)(1 + i) ≥ 1, for 0 < h ≤ a, 0 < i ≤ a and 0 < a < √2 − 1. So we
replace D by 1 and get that 4A + G + H + I − 2A2√GHI > 5. Now left
side is a decreasing function of G as A4HI > 1 and G ≤ 1. So replacing
G by 1 − 0.406(a + h + i), we get φ(h, i) = 2 + 3.594a + 0.594(h + i) −
2(1 + a)2
√
(1− 0.406(a+ h+ i))(1 + h)(1 + i) > 0. Following Remark 2 we
find that max φ(h, i) ≤ 0 for 0 < a < √2 − 1. Hence we must have g ≥
0.406(a+h+ i). Now using (5.67) we get c+e < a+h+i
2
−g < 0.094(a+h+ i).
Claim(iv) A ≥ 1.388
Suppose A < 1.388. Applying AM-GM inequality to (2,2,2,1,1,1) we
get 4A + 4C + 4E + G + H + I − 6(A3C3E3GHI) 13 > 9. Left side is a
decreasing function of G as ACE(HI)
1
3 > A(1−0.094(a+h+ i))(HI) 13 > 1
2
,

















where x = c + e. Now η′′(x) > 0 and we have 0 ≤ x < 0.094(a + h + i).
Therefore η(x) ≤ max{η(0), η(0.094(a + h + i))}. Let η(0) = η1(h, i) and
η(0.094(a+ h+ i)) = η2(h, i). Following Remark 2 we find that for m = 1, 2,
max ηm(h, i) ≤ 0 for 0 < a < 0.388. Hence we must have A ≥ 1.388.
Claim(v) G ≤ 0.73
Suppose G > 0.73. Applying AM-GM inequality to (3,3,1,1,1) we get
4A+4D+G+H + I − 2A2D2√GHI > 9. Left side is a decreasing function
of D and G. Replacing D by 1 and G by 0.73, we get




(1 + h)(1 + i) > 0.
Following Remark 2 we find that max φ(h, i) ≤ 0 for 0.388 ≤ a < 0.415.
Hence we must have G ≤ 0.73.
Final Contradiction:
Using G ≤ 0.73 and EFG > 1
2





Now A4EFGHI > 0.684(1 + a)4(1− e)(1− a+h+i
2
+ e)(1 + h)(1 + i) = χ(e).
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Using that e < 0.094(a + h + i), we find that χ′(e) > 0. So we have χ(e) >
χ(0), for e > 0, i.e. A4EFGHI > 0.684(1 + a)4(1 − a+h+i
2
)(1 + h)(1 + i) =
ψ(h, i). Following Remark 2 we find that min ψ(h, i) ≥ 2 for 0.388 ≤ a <√
2− 1. Hence A4EFGHI > 2, contradicting Claim (ii).
Proposition 36. Case (52) i.e. A > 1, B > 1, C ≤ 1, D > 1, E ≤ 1, F ≤
1, G ≤ 1, H ≤ 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
. Using the weak inequalities (1,2,2,2,1,1),(1,2,1,2,1,1,1),
(1,2,2,1,1,1,1) and (1,2,2,1,2,1) we get
a− 2c− 2e− 2g − h+ i > 0, (5.68)
a− 2c+ d− 2f − g − h+ i > 0, (5.69)
a− 2c− 2e− f − g − h+ i > 0, (5.70)
a− 2c− 2e− f − 2h+ i > 0. (5.71)
Claim(i) c+ e + g ≥ 0.279(a+ i) and h < 0.442(a+ i)
Suppose c+e+g < 0.279(a+i). Applying AM-GM inequality to (2,2,2,2,1)
we get 4A + 4C + 4E + 4G + I − 8(A3C3E3G3I) 14 > 9. Let c + e + g = x,
then we have φ(x) = 8 + 4a− 4x+ i− 8((1 + a)3(1− x)3(1 + i)) 14 > 0. Now
φ(x) is an increasing function of x, so replacing x by 0.279(a+ i), we get
8 + 4a− 4(0.279)(a+ i) + i− 8(1 + a) 34 (1− 0.279(a+ i)) 34 (1 + i) 14 > 0.
But this is not true for 0 < a ≤ 0.5 and 0 < i ≤ a. Hence we must have
c+ e+ g ≥ 0.279(a+ i). Now using (5.68), we get h < (a+ i)−2(c+ e+ g) =
0.442(a+ i).
Claim(ii) A ≤ 1.35.













< 0. Adding these




(a + i)− 2
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)(1− f)(1− g)(1− h)(1 + i).
Now right side is a decreasing function of f for a ≤ 1
2

























(1 − g)(1 − h)(1 + i) = φord(g, h, i, a), say, where




(using (5.68)) and 0 ≤ h < 0.442(a + i) and 0 < i ≤ a.
Following Remark 3 we find that min φord(g, h, i, a) ≥ 2 for 0.35 < a ≤ 0.5.
Hence A4EFGHI > 2.
So (4,2,1,1,1) holds. Applying AM-GM inequality we get ψ(E) = 4A+4E+
G+H + I − 2
√
A5E3GHI > 9. ψ′(E) = 4− 3
√
A5EGHI < 0, for A > 1.35,
E > 3
4




and 0 ≤ h < 0.442(a + i). So replacing E by 3
4
we




A5GHI > 9. Now left side is a decreasing





















)(1− h)(1 + i) > 0. Now
θ′′(h) > 0, therefore θ(h) ≤ max{θ(0), θ(0.442(a + i))}, which turns out to
be less than zero for 0 < a ≤ 0.5 and 0 < i ≤ a. Hence A ≤ 1.35.
Claim(iii) c+ e ≥ 0.18(a+ i) and f + g + h < 0.64(a+ i)
Suppose c+ e < 0.18(a+ i). Applying AM-GM inequality to (2,2,2,1,1,1)
we get φord(g, h, c + e, i, a) = 6 + 4a − 4(c + e) − g − h + i − 6(1 + a)(1 −




− (c+ e) (using
(5.68)), 0 ≤ h < a+i
2
− (c + e) (using (5.71)), 0 ≤ c + e ≤ 0.18(a + i) and
0 < i ≤ a. Following Remark 3 we find that max φord(g, h, c+ e, i, a) ≤ 0 for
0 < a ≤ 0.35. Hence we must have c+ e ≥ 0.18(a+ i).
Now using (5.70), we get f + g + h < 0.64(a+ i).
Claim(iv) A ≤ 1.29.
Suppose A > 1.29. We prove that A4EFGHI > 2.










y)(1 + i) = φ(y). It is easy to check that φ′(y) < 0. So using Claim(iii) we
have φ(y) > φ(0.64(a + i)) > 2 for 0.29 < a ≤ 0.35 and 0 < i ≤ a. Hence
A4EFGHI > 2 and therefore (4,2,1,1,1) holds. Now proceeding as in Claim
(ii) we get a contradiction .
Claim(v) c+ e + g ≥ 0.377(a+ i) and h < 0.246(a+ i)
Suppose c + e + g < 0.377(a + i). Now proceeding as in Claim (i) and
replacing c+e+g by 0.377(a+i) in place of 0.279(a+i), we get a contradiction
for 0 < a ≤ 0.29 and 0 < i ≤ a. Hence we must have c+ e+ g ≥ 0.377(a+ i).
Now using (5.68), we get h < 0.246(a+ i).
Final Contradiction:
Applying AM-GM inequality to (3,3,1,1,1) we get 4A+4D+G+H+ I−
2
√
A4D4GHI > 9. Left side is a decreasing function of D as A4GHI > 1,




and 0 ≤ h < 0.246(a + i). So replacing D by 1 we get
4A+ 4+G+H + I − 2
√
A4GHI > 9. Now left side is a decreasing function




















)(1− h)(1 + i) > 0. (5.72)
But φ′′(h) > 0, so φ(h) ≤ max{φ(0), φ(0.246(a + i))}, which can be easily
checked to be at most zero for 0 < a ≤ 0.29 and 0 < i ≤ a, which contradicts
(5.72).
Proposition 37. Case (64) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E ≤ 1, F >
1, G > 1, H > 1, I > 1 does not arise.
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Proof. Here a ≤ 1
2
, b ≤ 1
3
. Using the weak inequalities (1, 2, 2, 1, 1, 1, 1),
(2, 1, 2, 1, 1, 1, 1) and (2, 2, 1, 1, 1, 1, 1) we get
a− 2c− 2e+ f + g + h + i > 0, (5.73)
2b− c− 2e+ f + g + h+ i > 0, (5.74)
2b− 2d− e + f + g + h+ i > 0. (5.75)
Claim(i) B4FGHIA ≤ 2 and B < 1.149
Suppose B4FGHIA > 2. Therefore (1, 4, 1, 1, 1, 1) holds i.e. A + 4B −
1
2
B5FGHIA +F + G +H + I > 9. This is not true, by Lemma 10(ii) with
X2 = B, X3 = F, X4 = G, X5 = H, X6 = I. Further B
4FGHIA ≤ 2
implies B5 ≤ 2 i.e. B < 1.149.
Claim(ii) e > 2b and f + g + h+ i > 2b
Suppose e ≤ 2b. Applying Lemma 7(v) with x1 = b, γ = e and δ =
a + f + g + h + i, we get a contradiction as γ = e < δ
2
(using (5.73)),
γ = e ≤ 2b = 2x1 and x1 < 0.149. So we must have e > 2b. Now (5.74) gives
that f + g + h+ i > 2b.
Claim(iii) b < 0.106
Suppose b ≥ 0.106, then B4FGHIA > B5(1+f+g+h+i) > B5(1+2b) >
2. This contradicts Claim(i).
Claim(iv) a < 0.223
Suppose a ≥ 0.223. We prove that A4EFGHI > 2. Consider following
cases:
Case(i) 0.223 ≤ a < 0.36
From the inequality (5.74) we have e < b + f+g+h+i
2
< 0.106 + f+g+h+i
2
.
Therefore A4EFGHI > (1+a)4(1−0.106− f+g+h+i
2
)(1+f)(1+g)(1+h)(1+
i) = φ(f, g, h, i). Following Remark 2 we find that min φ(f, g, h, i) > 2, for
0.223 ≤ a < 0.36.
Case(ii) 0.36 ≤ a < 0.5







Hence (4,1,1,1,1,1) holds, i.e. 4A− 1
2
A5EFGHI + E + F +G +H + I > 9.
As for A ≥ 1.223, the coefficient of E namely 1− 1
2
A5FGHI is negative and
E ≥ 0.46873A, so replacing E by 0.46873A we get η(f, g, h, i) = 4.46873a+
f + g + h+ i− 1
2
(0.46873)(1 + a)6(1 + f)(1 + g)(1 + h)(1 + i)− 0.53127 > 0.
Following Remark 2 we find that max η(f, g, h, i) ≤ 0, for 0 ≤ a < 0.5. Hence
we have A < 1.223.
Claim(v) e > 2b+0.165k, d < 0.4175k and k > 2b
0.67
, where k = f+g+h+i
Suppose e ≤ 2b + 0.165k. Using (1, 3, 1, 1, 1, 1, 1) we have A + 4B −
B4EFGHIA+ E + F + G +H + I > 9. As the coefficient of E is negative
and E > 1−2b−0.165k, we have A+4B−B4(1−2b−0.165k)FGHIA+1−
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2b−0.165k+F +G+H+ I > 9. This gives θ(k) = 1+a+2b+0.835k− (1+
b)4(1− 2b− 0.165k)(1+ a)(1+ k) > 0. As θ′′(k) > 0 and 2b < k ≤ 4a, we get
θ(k) ≤ max{θ(2b), θ(4a)} < 0 for 0 < a < 0.223 and 0 < b ≤ min(a, 0.106).
This gives a contradiction.
Now using (5.75), we have 2d < 2b − e + k, i.e. d < 0.4175k. Also (5.74)
gives k > 2e− 2b > 2(2b+ 0.165k)− 2b. It gives k > 2b
0.67
.
Claim(vi) A > 1.16
Suppose A ≤ 1.16. Consider following two cases:
Case I. 1 < A ≤ 1.118
Applying AM-GM inequality to (1,2,2,1,1,1,1), we get A + 4B + 4D + F +
G +H + I − 4
√
B3D3AFGHI > 9. Left side is a decreasing function of D,
as BDAFGHI = 1
CE
≥ 1 and we have D > 1 − 0.4175(f + g + h + i). So
replacing D by 1− 0.4175(f + g + h+ i), we get
η(f, g, h, i) = 4 + a+ 4b− 0.67(f + g + h+ i)− 4(1 + b) 32 (1− 0.4175(f + g+
h+ i))
3
2 (1 + a)
1
2 (1 + f)
1
2 (1 + g)
1
2 (1 + h)
1
2 (1 + i)
1
2 > 0.
Following Remark 2 we find that max η(f, g, h, i) ≤ 0 for 0 < a ≤ 0.118 and
0 < b < 0.106.
Case II. 1.118 < A ≤ 1.16
Applying AM-GM inequality to (3,2,1,1,1,1) we get 4A+4D+F +G+H +
I − 2√2(A4D3FGHI) 12 > 9. Left side is a decreasing function of D, so we
replace D by 1−0.4175(f+g+h+i), i.e. φ(f, g, h, i) = 3+4a−0.67(f+g+h+
i)−2√2(1+a)2(1−0.4175(f+g+h+i)) 32 (1+f) 12 (1+g) 12 (1+h) 12 (1+i) 12 > 0.
Following Remark 2 we find that max φ(f, g, h, i) ≤ 0 for 0.118 < a ≤ 0.16,
giving thereby a contradiction.
Claim (vii) b < 0.084
Suppose b ≥ 0.084. Using k = f + g+ h+ i > 2b
0.67
we have B4FGHIA >
1.16B4(1+k) > 1.16B4(1+ 2b
0.67
) > 2 for b ≥ 0.084. This contradicts Claim(i).
Claim (viii) e > 2b+ 0.33k and d < 0.335k
Suppose e ≤ 2b + 0.33k. Working as in Claim(v) and replacing E by
1 − 2b− 0.33k, we get θ(f, g, h, i) = 1 + a + 2b+ 0.67(f + g + h + i)− (1 +
b)4(1 − 2b − 0.33(f + g + h + i))(1 + a)(1 + f)(1 + g)(1 + h)(1 + i) > 0.
Following Remark 2 we find that max θ(f, g, h, i) ≤ 0 for 0 < b < 0.084 and
0.16 < a < 0.223, giving thereby a contradiction.
Now using (5.75), we have 2d < 2b− e+ k, i.e. d < 0.335k.
Final contradiction
We proceed as in Case II of Claim (vi) and replace d by 0.335(f+g+h+i)
in place of 0.4175(f+g+h+i). Then we get φ(f, g, h, i) = 3+4a−0.34(f+g+
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h+i)−2√2(1+a)2(1−0.335(f+g+h+i)) 32 (1+f) 12 (1+g) 12 (1+h) 12 (1+i) 12 > 0.
Following Remark 2 we find that max φ(f, g, h, i) ≤ 0 for 0.16 < a < 0.223,
giving thereby a contradiction.
Proposition 38. Case (69) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E ≤ 1, F ≤
1, G > 1, H > 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
. Using the weak inequalities (1, 2, 2, 1, 1, 1, 1), (2, 2, 2,
1, 1, 1), (2, 2, 1, 1, 1, 1, 1) and (1,2,1,2,1,1,1) we get
a− 2c− 2e− f + g + h + i > 0, (5.76)
2b− 2d− 2f + g + h+ i > 0, (5.77)
2b− 2d− e− f + g + h+ i > 0, (5.78)
a− 2c− d− 2f + g + h+ i > 0. (5.79)
Using (5.76), we have
e <





Using F ≥ 2
3




and d + f <
2b+g+h+i
2
. Adding these two we get
f <
1 + 2b+ g + h + i
5
(5.81)
Now E ≥ 2
3









. Adding these two we get
e <
1 + a+ g + h+ i− f
5
(5.82)
Claim (i) A < 1.313






A3 > 2, for A ≥ 1.39. So now consider 1.313 ≤ A <









, using (5.81) and
that b ≤ 1
3










) = φ2(g, h, i).
Following Remark 2 we find that for m = 1, 2, min φm(g, h, i) ≥ 2 for 0.313 ≤
a < 0.39. Hence we have A4EFGHI > 2 for A ≥ 1.313. So the inequality
(4,1,1,1,1,1) gives 4a− e− f + g + h+ i− 1
2
(1 + a)5(1− e)(1− f)(1 + g)(1 +





0 < g ≤ a, 0 < h ≤ a, 0 < i ≤ a and 0.246 ≤ a ≤ 1
2
. So using (5.82) we
replace e by 1+a+g+h+i−f
5























, 0 < g ≤ a, 0 < h ≤ a and 0 < i ≤ a. Following
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Remark 3 we find that max ψord(f, g, h, i, a) ≤ 0 for 0 < a ≤ 12 . Hence we
have a contradiction. So we must have a < 0.313.
Claim (ii) B < 1.17
Suppose B ≥ 1.17. Using (5.79) we have B4AFGHI > (1+b)4(1+a)(1+
g)(1+h)(1+i)(1−a+g+h+i
2
) = φ(g, h, i). But φ(g, h, i) ≥ min{φ(0, 0, 0), φ(a, 0, 0),
φ(a, a, 0), φ(a, a, a)} > 2 for 0.17 ≤ b ≤ a < 0.313. Hence B4AFGHI > 2.
So (1,4,1,1,1,1) holds. That is A+ 4B − 1
2
B5AFGHI + F +G+H + I > 9.
Coefficient of F , namely 1− 1
2
B5AGHI is negative for B > 1.124, so replac-
ing F by 1− 1+2b+g+h+i
5
(using (5.81)) we get
η(g, h, i) = −1
5




(g + h + i)− 1
2





) > 0. But following Remark 2 we find that max η(g, h, i) ≤ 0
for 0 < b ≤ a < 0.313. Hence we must have B < 1.17.
Claim (iii) A < 1.29









. We find that A4EFGHI > 2 for A ≥ 1.29
and then (4,1,1,1,1,1) gives a contradiction.
Claim (iv) e+ f > 1.5b+ 0.351(g + h+ i) and d < b
4
+ 0.3245(g + h+ i)
Suppose e+f ≤ 1.5b+0.351(g+h+i).As (1,3,1,1,1,1,1) holds, we have 1+
a+4b−(e+f)+g+h+i−(1+b)4(1+a)(1+g)(1+h)(1+i)(1−(e+f)) > 0. The
coefficient of e+f is clearly positive, so we replace e+f by 1.5b+0.351(g+h+i)
to get φ(g, h, i) = 1+a+4b+g+h+i−(1.5b+0.351(g+h+i))−(1+b)4(1+a)(1+
g)(1+h)(1+i)(1−1.5b−0.351(g+h+i))> 0. But following Remark 2 we find
that max φ(g, h, i) ≤ 0 for 0 < b ≤ min(a, 0.17) and 0 < a < 0.29. This gives
a contradiction. Hence we must have e+f > 1.5b+0.351(g+h+i). Now using
(5.78) we have 2d < 2b+g+h+ i− (e+f). It gives d < b
4
+0.3245(g+h+ i).
Claim (v) A > 1.176 and g + h+ i > 1.97a
Suppose A ≤ 1.176. Applying AM-GM to (1,2,2,1,1,1,1) we get A+4B+
4D + F + G + H + I − 4(B3D3AFGHI) 12 > 9. Left side is a decreasing
function of F as B3D3AGHI > 1
4
, for d < b
4
+ 0.3245(g + h + i). Also
F = 1−f > 1−(b+ g+h+i
2
−d), using (5.77). So replacing F by 1−b− g+h+i
2
+d,
we get φord(d, g, h, i, b, a) = 4+a+3b−3d+ g+h+i2 −4(1+b)
3











2 > 0, where 0 ≤ d < b
4
+0.3245(g+h+i),
0 < g ≤ a, 0 < h ≤ a and 0 < i ≤ a. Following Remark 3 we find
that max φord(d, g, h, i, b, a) ≤ 0 for 0 < b < 0.17 and 0 < a ≤ 0.176. So
a > 0.176.
Further if g+h+ i ≤ 1.97a, then we have 0 ≤ g ≤ min(1.97a−h− i, a), 0 ≤
h ≤ min(1.97a− i, a), 0 ≤ i ≤ a. Now we find that max φord(d, g, h, i, b, a) ≤
0 for 0 < b < 0.17 and 0 < a ≤ 0.29. Hence we must have g + h+ i > 1.97a.
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Claim (vi) c+ e > 0.281(a+ g + h+ i) and f < 0.438(a+ g + h+ i)
Suppose c + e ≤ 0.281(a + g + h + i). Applying AM-GM inequality to







3 > 0. The coefficient of c+e is positive, so we replace c+e
by 0.281(a+g+h+ i) to get that φ(g, h, i) = 6+4a+g+h+ i−4×0.281(a+
g + h + i) − 6(1 + a)(1 − 0.281(a+ g + h + i))(1 + g) 13 (1 + h) 13 (1 + i) 13 > 0.
Following Remark 2 we find that max φ(g, h, i) ≤ 0 for 0 < a < 0.29. This
gives a contradiction. Hence we must have c+ e > 0.281(a+ g+ h+ i). Now
using (5.76) we have f < a+g+h+i−2(c+e). It gives f < 0.438(a+g+h+i).
Claim (vii) b < 0.126
Suppose b ≥ 0.126, then B4AFGHI > (1 + 0.126)4(1 + a)(1 + g)(1 +
h)(1 + i)(1 − 0.438(a+ g + h + i)) = φ(g, h, i). Now 1.97a < g + h + i ≤ 3a
implies max(1.97a− h− i, 0) ≤ g ≤ a, max(0.97a− i, 0) ≤ h ≤ a and 0 ≤
i ≤ a, so φ(g, h, i) being symmetric function in g, h and i, we get that
φ(g, h, i) > min{φ(a, 0.97a, 0), φ(a, a, 0), φ(a, a, 0.97a), φ(a, a, a)}, which can
be verified to be greater than 2 for 0.176 < a < 0.29. Hence B4AFGHI > 2
for b ≥ 0.126 and so (1,4,1,1,1,1) holds. Now we work as in Claim (ii) and
get a contradiction.
Claim (viii) d > 0.171
Suppose d ≤ 0.171. We use (1,2,2,1,1,1,1) and proceed as in Claim(v).
We find that max φord(d, g, h, i, b, a) ≤ 0 for 0 < d ≤ 0.171, max(1.97a− h−
i, 0) ≤ g ≤ a, max(0.97a − i, 0) ≤ h ≤ a, 0 ≤ i ≤ a, 0 < b < 0.126 and
0.176 < a ≤ 0.29. This gives a contradiction. Hence we must have d > 0.171.
Claim (ix) A < 1.232




1.126×0.829 > 2. Now
working as in Claim(i) we get a contradiction with refined bounds 1.97a <
g + h+ i ≤ 3a and a ≥ 0.232.
Claim (x) c+ e > 0.312(a+ g + h+ i) and f < 0.376(a+ g + h+ i)
We use (2,2,2,1,1,1) and work as in Claim(vi). Here we replace c + e by
0.312(a + g + h + i) and get a contradiction for 0.176 < a < 0.232. Hence
c+ e > 0.312(a+ g + h+ i). Now (5.76) gives f < 0.376(a+ g + h+ i).
Claim (xi) b < 0.114
Suppose b ≥ 0.114. Now working as in Claim(vii) and using refined
bounds on f , namely f < 0.376(a+ g + h+ i) we get contradiction.
Claim (xii) e+ f > 1.5b+ 0.41(g + h+ i) and d < b
4
+ 0.295(g + h+ i)
Suppose e + f ≤ 1.5b + 0.41(g + h + i). We proceed as in Claim (iv)
and use refined bound on e + f , namely 1.5b + 0.41(g + h + i) to get a
57
contradiction for 0 < b < 0.114 and 0.176 < a < 0.232. Hence we must have
e+f > 1.5b+0.41(g+h+i). Now using (5.78) we have d < b
4
+0.295(g+h+i).
Claim (xiii) A ≥ 1.224
Suppose A < 1.224. We use (1,2,2,1,1,1,1) and proceed as in Claim (v).
We find that max φord(d, g, h, i, b, a) ≤ 0 for 0 ≤ d < b4 + 0.295(g + h + i),
0 ≤ g ≤ a, 0 ≤ h ≤ a, 0 ≤ i ≤ a, 0 < b < 0.114 and 0 < a ≤ 0.224. This
gives a contradiction.
Claim (xiv) d > 0.19
Suppose d ≤ 0.19. We use (1,2,2,1,1,1,1) and proceed as in Claim(viii).
Here we get a contradiction for 0 ≤ d ≤ 0.19, 0.224 < a < 0.232 and
0 < b < 0.114.
Final Contradiction





1.114×0.81 > 2. Now we get a contradiction
proceeding as in Claim (i).
Proposition 39. Case (70) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E ≤ 1, F ≤
1, G > 1, H ≤ 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
and g ≤ 1
3
. Using the weak inequalities
(1,2,2,1,2,1), (1,2,1,2,2,1), (2,2,2,2,1) and (2,2,1,1,2,1) we have
a− 2c− 2e− f − 2h+ i > 0, (5.83)
a− 2c− d− 2f − 2h+ i > 0, (5.84)
2b− 2d− 2f − 2h+ i > 0, (5.85)
2b− 2d− e− f − 2h+ i > 0. (5.86)
Claim (i) B < 1.17
Suppose B ≥ 1.17. Then using (5.84) we have B4AFGHI > (1 + b)4(1 +
a)(1+ i)(1− (f +h)) > 1.174(1+a)(1+ i)(1− a+i
2
) > 2 for 0.17 ≤ b ≤ a ≤ 0.5
and 0 < i ≤ a. Therefore (1,4,1,2,1) holds. Applying AM-GM inequality
to (1,4,1,2,1) we have A + 4B + F + 4G + I − 2(B5G3AFI) 12 > 9. Left
side is a decreasing function of F and F > 1 − (b + i
2
), using (5.85). So
we replace F by 1 − (b + i
2





2 (1 + g)
3
2 (1 + a)
1







2 > 0. Now left side can be verified
to be decreasing function of g, therefore replacing g by 0 we get η(i) =
2 + a + 3b + i
2
− 2(1 + b) 52 (1 + a) 12 (1 + i) 12 (1− b− i
2
) 1
2 > 0. But η′′(i) > 0
and 0 < i ≤ a. So η(i) ≤ max{η(0), η(a)}, which can be seen to be at most
zero for 0.17 ≤ b ≤ a ≤ 0.5 Hence we get a contradiction.
Claim (ii) e+ f + h > 2b and d < i
2
Suppose e+f +h ≤ 2b. We use the inequality (1, 3, 1, 1, 1, 1, 1) and apply
Lemma 7(vi) with X1 = B, γ = e + f + h and δ = a + g + i. Using (5.83)
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and (5.84) we get 2e+ f +2h < a+ i and f < a+i
2
respectively. Adding these
two inequalities we get e+ f + h < 3
4
(a + i) < 3
4
(a+ g + i), i.e γ < 3
4
δ. Also
x1 = b < 0.175 and γ = e+ f + h ≤ 2x1. Hence we have a contradiction.







Claim (iii) A > 1.3









using (5.83) and (5.84) respectively. Also d < i
2
from Claim (ii). Applying
AM-GM inequality to (2,1,1,1,1,2,1) and using C + E < 1 + CE, we get
4A+CE+D+F +4G+ I−4(A3G3CDEFI) 12 > 8. Left side is a decreasing





) > 4. So we can replace G by 1 to get 4A+CE +D+
F + I − 4(A3CDEFI) 12 > 4. The left side is a decreasing function of CE
as A3DFI ≥ ABGDFI = 1
CEH










− d − f
2













(using 5.84), 0 ≤ d < i
2
and 0 < i ≤ a. Following Remark 3 we find that max φord(f, d, i, a) ≤ 0 for
0 < a ≤ 0.3, giving thereby a contradiction.
Final Contradiction





)(1 − f)(1 + i) = η(f) ≥ min{η(0), η(a+i
2
)} > 2, for 0.3 < a ≤ 1
2
and
0 < i ≤ a. Applying AM-GM inequality to (4,1,1,2,1) we have 4A + 4G +
E + F + I − 2(A5G3EFI) 12 > 9. Now left side is a decreasing function of
G as G > 1 and 9A5EFI > 9(1 + a)5(1 + i)(1 − (e + f)) > 9(1 + a)5(1 +
i)(1 − 3
4
(a + i)) > 16, for 0.3 < a ≤ 0.5 and 0 < i ≤ a. So we replace G
by 1 and get that 4A+ 4 + E + F + I − 2(A5EFI) 12 > 9. Now the left side




. So we have












Now η′′(f) > 0 and 0 ≤ f < a+i
2
, so η(f) ≤ max{η(0), η(a+i
2
)}. But η(0) and
η(a+i
2
) are functions in two variables a and i and can be seen to be at most
zero for 0 < a ≤ 0.5 and 0 < i ≤ a, a contradiction.
Proposition 40. Case (72) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E ≤ 1, F ≤
1, G ≤ 1, H ≤ 1, I > 1 does not arise.
Proof. Here a ≤ 1
2
, b ≤ 1
3
. Also 2F ≥ 1 ≥ G, for if F < 1
2




so that EF < 1
3
which implies ABCDGHI > 3. But ABCDGHI ≤




= 3, a contradiction. Similarly we have 2G ≥ H .
Using the weak inequalities (1, 2, 2, 1, 1, 1, 1), (1, 2, 1, 2, 1, 1, 1), (1, 2, 2, 2, 1, 1),
(1, 2, 2, 1, 2, 1) and (2,2,1,1,1,1,1) we get
a− 2c− 2e− f − g − h+ i > 0, (5.87)
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a− 2c− d− 2f − g − h+ i > 0, (5.88)
a− 2c− 2e− 2g − h+ i > 0, (5.89)
a− 2c− 2e− f − 2h+ i > 0, (5.90)
2b− 2d− e− f − g − h + i > 0. (5.91)
Claim (i) A < 1.313
Suppose A ≥ 1.313. We prove that A4EFGHI > 2.













and 0 ≤ h < a+i
2
. Now




)(1−f)(1−g)(1−h)(1+i) = φord(f, g, h, i, a),
say. Following Remark 3 we find that min φord(f, g, h, i, a) ≥ 2 for 0.313 ≤
a ≤ 1
2
and 0 < i ≤ a. Hence A4EFGHI > 2 for A ≥ 1.313. So (4, 1, 1, 1, 1, 1)
holds i.e. 4A− 1
2
A5EFGHI +E + F +G+H + I > 9. It gives 4a− e− f −
g−h+ i− 1
2
(1+a)5(1− e)(1− f)(1− g)(1−h)(1+ i) > 0. Coefficient of e on








, 0 ≤ h < a+i
2




and simplifying we get














(1− g)(1− h)(1 + i)} > 0.
Following Remark 3 we find that max ζord(f, g, h, i, a) ≤ 0 for 0 < a ≤ 0.5
and 0 < i ≤ a. Hence A < 1.313.
Claim (ii) c+ e+ g > 0.36(a+ i) and h < 0.28(a+ i)
Suppose that x = c + e + g ≤ 0.36(a + i). Applying AM-GM inequality
to (2,2,2,2,1) we get 4A + 4C + 4E + 4G + I − 8A 34C 34E 34G 34 I 14 > 9 which
implies 8 + 4a − 4x + i − 8(1 + a) 34 (1 − x) 34 (1 + i) 14 > 0. Since the left side
is an increasing function of x, therefore replacing x by 0.36(a + i) we get
8 + 2.56a − 0.44i − 8(1 + a) 34 (1 − 0.36(a + i)) 34 (1 + i) 14 > 0. But this is not
true for 0 < a < 0.313 and 0 < i ≤ a.
Now using (5.89) we get h < a+ i− 2× 0.36(a+ i) < 0.28(a+ i).
Claim (iii) a < 0.29
Suppose that a ≥ 0.29. We prove that A4EFGHI > 2. Working as
in Claim (i) and using h < 0.28(a + i) in place of h < a+i
2
we find that
min φord(f, g, h, i, a) ≥ 2 for 0.29 ≤ a < 0.313 and 0 < i ≤ a. Hence
A4EFGHI > 2 for A > 1.29. So (4,1,1,1,1,1) holds. Again working as in
Claim (i) we get a contradiction. Hence a < 0.29.
Claim (iv) c+ e+ g > 0.377(a+ i) and h < 0.246(a+ i)
Assume that x = c + e + g ≤ 0.377(a + i). We proceed as in Claim (ii)
and replace x by 0.377(a + i) to get a contradiction for 0 < a < 0.29 and
0 < i ≤ a.
Now using (5.89) we get h < 0.246(a+ i).
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Claim (v) c+ e > 0.26(a+ i) and f + g + h < 0.48(a+ i)
Suppose that y = c+ e ≤ 0.26(a+ i). Also using (5.89) and (5.90) respec-




and h < a+i
2
−y. Applying AM-GM inequality
to (2, 2, 2, 1, 1, 1) we have 4A+4C+4E−6ACEG 13H 13 I 13+G+H+I > 9 which
implies 6+4a−4y−g−h+i−6(1+a)(1−y)(1−g) 13 (1−h) 13 (1+i) 13 > 0, where











3 (1 + i)
1
3 > 1. Therefore replacing g by
a+i
2
− y − h
2
we get





− 3y − h
2
− 6{(1 + a)(1− y)(1− a+i
2





(1− h) 13 (1 + i) 13} > 0.
Following Remark 3 we find that max ϕord(h, y, i, a) ≤ 0 for 0 ≤ h < a+i2 − y,
0 ≤ y ≤ 0.26(a+ i), 0 < i ≤ a and 0 < a < 0.29. Hence we have a contradic-
tion. Therefore we must have c+ e > 0.26(a+ i).
Now using (5.87) we get f + g + h < (a + i)− 2(c+ e) < 0.48(a+ i).
Claim (vi) a < 0.2482





(f + g+h))(1+ i) = φ(f + g+ h). As φ′′(f + g+ h) < 0 and 0 ≤ f + g+ h <
0.48(a+ i), we have φ(f + g + h) ≥ min{φ(0), φ(0.48(a+ i))}, which can be
verified to be greater than 2 for 0 < i ≤ a and 0.2482 ≤ a < 0.29. Hence we
have A4EFGHI > 2. Now we get contradiction by working as in Claim (i).
Claim (vii) c+ e > 0.324(a+ i) and f + g + h < 0.352(a+ i)
Using the refined bound on a, namely 0 < a < 0.2482, and working as in
Claim(v), we get the desired result.
Claim(viii) b < 0.17
Suppose that b ≥ 0.17. We have B4AFGHI > (1.17)4(1 + a)(1 + i)(1 −
0.352(a + i)) > 2, for 0 < i ≤ a and 0.17 ≤ b ≤ a < 0.2482. Therefore
(1, 4, 1, 1, 1, 1) holds, which gives φ(z) = a + 4b − z + i − 1
2
(1 + b)5(1 +
a)(1 − z)(1 + i) > 0, where z = f + g + h. The coefficient of z on left
side is positive and z < 0.352(a + i). Therefore φ(z) < φ(0.352(a + i)) =
0.648a + 4b + 0.648i − 1
2
(1 + b)5(1 + a)(1 − 0.352(a + i))(1 + i) = ψ(i), say.
As ψ′′(i) > 0, we have ψ(i) ≤ max{ψ(0), ψ(a)} which can be easily seen to
be less than zero for 0.17 ≤ b ≤ a < 0.2482. This gives a contradiction .
Claim(ix) e + f + g + h > 2b and d < i
2
Suppose e+f+g+h ≤ 2b. From (5.87) we have 2e+f+g+h < a+i. Also
f+g+h < 0.352(a+ i). Adding these two we get e+f +g+h < 0.676(a+ i).
Now we get a contradiction from Lemma 7(vi) with γ = e+ f + g + h < 3
4
δ,
where δ = a + i and γ < 2b, b = x1 < 0.17.





Using (3, 1, 1, 1, 1, 1, 1) we have 4A − A4DEFGHI +D + E + F + G +
H + I > 9. Coefficient of D is negative on the left side, as A4EFGHI >
A4(1−(e+f+g+h))(1+i) > (1+a)4(1−0.676(a+i))(1+i) > 1, so we replace
D by 1− i
2





where z = f + g + h. As the coefficient of e is positive for z < 0.352(a + i)













− (1 + a)4(1 − i
2




)(1 − z) > 0. Now η′′(z) > 0
and 0 ≤ z < 0.352(a + i). Therefore η(z) ≤ max{η(0), η(0.352(a+ i))} < 0,
for 0 < i ≤ a and 0 < a < 0.2482. This gives a contradiction.
Proposition 41. Case (71) i.e. A > 1, B > 1, C ≤ 1, D ≤ 1, E ≤ 1, F ≤
1, G ≤ 1, H > 1, I > 1 does not arise.
Proof.Here a ≤ 1
2
, b ≤ 1
3
. Using the weak inequalities (1,2,2,1,1,1,1),
(1, 2, 2, 2, 1, 1), (2, 2, 1, 1, 1, 1, 1), (2,1,2,1,1,1,1), (2,1,2,2,1,1), (2, 2, 2, 1, 1, 1)
and (1,2,1,2,1,1,1) we get
a− 2c− 2e− f − g + h+ i > 0, (5.92)
a− 2c− 2e− 2g + h+ i > 0 (5.93)
2b− 2d− e− f − g + h+ i > 0, (5.94)
2b− c− 2e− f − g + h+ i > 0 (5.95)
2b− 2d− 2f − g + h+ i > 0 (5.96)
a− 2c− d− 2f − g + h + i > 0 (5.97)
Using G > 2
3




g and e+ g < a+h+i
2
, respec-
tively. Adding these two we get g < 1+a+h+i
5
. Similarly using E > 2C
3
and
(5.93) we get e < 1+a+h+i−2g
5
.
Claim (i) A < 1.331
Suppose A ≥ 1.331. We prove first that A4EFGHI > 2.
If A ≥ 1.387 then A4EFGHI = A3
BCD
≥ (1.387)3 × 3
4
> 2.









)(1−f)(1−g)(1+h)(1+i) = φord(f, g, h, i, a),





(from (5.97)), g < 1+a+h+i
5
, 0 < h ≤ a and 0 < i ≤ a and 0.331 ≤
a ≤ 0.387. As 2E > 1 > F , the inequalities (4,2,1,1,1) and (4,1,1,1,1,1) hold.
We consider following cases:
Case I 0.331 ≤ a < 0.45
The inequality (4,2,1,1,1), using AM-GM gives
2+4a−4e− g+h+ i−2
√
(1 + a)5(1− e)3(1− g)(1 + h)(1 + i) > 0 (5.98)
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Now left side of (5.98) is an increasing function of e. So we replace e by
1+a+h+i−2g
5


















2 (1 − g) 12 (1 + h) 12 (1 + i) 12 > 0. Following Remark 3 we find that
max ψord(g, h, i, a) < 0 for 0 < g <
1+a+h+i
5
, 0 < h ≤ a, 0 < i ≤ a and
0.331 ≤ a ≤ 0.45. This contradicts (5.98). We notice that ψord(g, h, i, a) < 0
for 0.058 < g < 1+a+h+i
5
also if a > 0.45.
Case II 0.45 ≤ a ≤ 0.5 and g ≤ 0.058
We have G = 1− g ≥ 0.942, E ≥ 0.46873A > 0.67, F ≥ 3
4
E > 0.5.
We use now (4,1,1,1,1,1). Following Remark 3 we find that χord(G,F,E,H, I, A)
= 4A− 1
2
A5EFGHI+E+F+G+H+I < 9 for 0.942 ≤ G ≤ 1, 0.67 ≤ E ≤ 1,
0.5 ≤ F ≤ 1, 1 < H ≤ A, 1 < I ≤ A and 1 < A ≤ 1.5.
Claim (ii) c+ e > 0.195(a+ h+ i) and g < 0.305(a+ h + i).
Suppose c+e ≤ 0.195(a+h+i). The inequality (2,2,2,1,1,1) with AM-GM
gives 6 + 4a− 4x− g + h + i− 6(1 + a)(1− x)(1− g) 13 (1 + h) 13 (1 + i) 13 > 0,
where x = c + e. Left side is an increasing function of g, So we replace
g by a+h+i
2









3 (1 + h)
1
3 (1 + i)
1
3 < 0 for
0 ≤ x ≤ 0.195(a+ h+ i), 0 < h ≤ a, 0 < i ≤ a and 0 < a < 0.331. Hence we
have c+ e > 0.195(a+ h + i).
Now using (41.2) get g < 0.305(a+ h+ i).
Claim (iii) A < 1.289
We proceed as in Claim (i) and use 0 ≤ g < 0.305(a + h + i) in place
of 0 < g < 1+a+h+i
5
and find that A4EFGHI > 2, for A ≥ 1.289. Now
(4,2,1,1,1) gives a contradiction.
Claim (iv) c+ e > 0.233(a+ h+ i) and g < 0.267(a+ h + i).
If c+e ≤ 0.233(a+h+i), we proceed as in Claim (ii) to get a contradiction
for 0 < a < 0.289.
Now using (5.93) we have g < 0.267(a+ h+ i).
Claim (v) A < 1.281
We proceed as in Claims (i)and (iii) and use g < 0.267(a+h+ i) to prove
A4EFGHI > 2 for a ≥ 0.281. Then (4,2,1,1,1) gives a contradiction.
Claim (vi) c + e > 0.24(a + h + i), f + g < 0.52(a + h + i) and g <
0.26(a+ h+ i).
If c+e ≤ 0.24(a+h+i), we proceed as in Claim (ii) to get a contradiction.
Now using (5.92) and (5.93) respectively we get f + g < 0.52(a+h+ i) and
g < 0.26(a+ h + i).
Claim (vii) A > 1.2
63





(1,2,1,1,1,1,1,1) holds, we have A+4B+D+E+F+G+H+I−2B3ADEFGHI >
9. Left side is a decreasing function of D, as BAEFGHI = 1
CD
≥ 1. So we













)(1− e)(1− y) > 0
where y = f + g. Following Remark 3, we find that ηord(e, y, h, i, a, b) < 0




(using (5.95)), 0 < y < 0.52(a + h + i), 0 < h ≤ a,
0 < i ≤ a and 0 < b ≤ a ≤ 0.2. This gives a contradiction. Hence we have
a > 0.2.
Claim (viii) B < 1.168
Suppose B ≥ 1.168, then B4AFGHI > (1 + 0.168)4(1 + a)(1 + h)(1 +
i)(1 − (f + g)) > 2 for f + g < 0.52(a + h + i), 0 < h ≤ a, 0 < i ≤ a
and 0.2 < a < 0.281. So (1,4,1,1,1,1) holds. It gives ηord(f + g, h, i, a, b) =
a+ b− (f + g) + h+ i− 1
2
(1 + b)5(1 + a)(1 + h)(1 + i)(1− (f + g)) > 0. Left
side is an increasing function of f + g for b > 0.11, so we replace f + g by
0.52(a + h + i) and find that ηord(f + g, h, i, a, b) < 0 for 0 < b ≤ a ≤ 0.281.
Hence we have B < 1.168.
Claim (ix) h+ i > 1.415a
Suppose h + i ≤ 1.415a. We proceed as in Claim (vii). Here we have
0 < h ≤ 1.1415a− i. Following Remark 3, we find that ηord(e, y, h, i, a, b) < 0




, 0 < y < 0.52(a+h+i), 0 < h ≤ 1.1415a−i, 0 < i ≤ a
and for 0 < b < 0.168 and 0.2 < a < 0.281. This gives a contradiction. Hence
we have h+ i > 1.415a.
Claim (x) B < 1.145
Suppose B ≥ 1.145, then B4AFGHI > 2 for for f + g < 0.52(a+ h+ i),
1.1415a − i < h ≤ a, 0 < i ≤ a and 0.2 < a < 0.281. So (1,4,1,1,1,1) holds
and we work as in Claim (viii) to get a contradiction.
Claim (xi) e+ f + g > 1.59b+ 0.4(h+ i) and d < 0.41b
2
+ 0.3(h+ i)
Suppose e + f + g ≤ 1.59b+ 0.4(h+ i). As (1,3,1,1,1,1,1) holds, we have
a+4b− (e+ f + g)+h+ i− (1+ b)4(1+ a)(1+h)(1+ i)(1− (e+ f + g)) > 0.
We can replace e+ f + g by 1.59b+ 0.4(h+ i) to get φord(h, i, a, b) = 1+ a+
2.41b+ 0.6(h+ i)− (1 + b)4(1 + a)(1 + h)(1 + i)(1− 1.59b− 0.4(h+ i)) > 0.
Following Remark 3, we see that φord(h, i, a, b) < 0 for 1.415a − i < h < a,
0 < i ≤ a and for 0.2 < a < 0.281, 0 < b < 0.145. Hence we have
e + f + g > 1.59b+ 0.4(h+ i).
Now using (5.94) we get d < 0.41b
2
+ 0.3(h+ i).
Claim (xii) A ≥ 1.25 and g > 0.16(a+ h+ i)
















) > 0. Following Remark






(5.96)), 0 ≤ d < 0.41b
2
+0.3(h+ i), 0 ≤ g < 0.26(a+h+ i), 1.415a− i < h < a,
0 < i ≤ a and for 0.2 < a < 0.25, 0 < b < 0.145. Hence we must have
a ≥ 0.25.
Now if we use g ≤ 0.16(a+ h+ i) instead of g < 0.26(a+ h+ i),, then we
get ηord(f, d, g, h, i, a, b) < 0 in full range of a and b, i.e. in 0.2 < a < 0.281
and 0 < b < 0.145. Hence we have g > 0.16(a+ h+ i).
Claim (xiii) c > 0.04(a+ h+ i)
Suppose c ≤ 0.04(a+h+ i). As (2,2,1,1,1,1,1) holds, applying AM-GM we
get 4A+4C +E +F +G+H + I − 4
√
A3C3EFGHI > 9. Now left side is a





to get φord(f, g, c, h, i, a) = 4 +
7a
2




− 4(1 + a) 32 (1 − c) 32 (1 −
f)
1






2 > 0. Following Remark 3,
we find that φord(f, g, c, h, i, a) < 0 for 0 ≤ f < a+h+i2 − g2 − c (using (5.97)),
0.16(a + h + i) < g < 0.26(a + h + i), 0 < c < 0.04(a + h + i), 0 < h ≤ a,
0 < i ≤ a and 0.25 < a < 0.281. Hence we must have c > 0.04(a+ h+ i).
Final Contradiction




and f < 0.46(a + h + i) − g
2
. We find that A4EFGHI > (1 + a)4(1 +




)(1 − f)(1 − g) = ηord(f, g, h, i, a) > 2
for 0 ≤ f < 0.46(a + h + i) − g
2
, 0.16(a + h + i) < g < 0.26(a + h + i),
1.415a− i < h < a, 0 < i ≤ a and for 0.25 < a < 0.281. So (4,2,1,1,1) holds.
Now we work as in Claim (i) to get a contradiction.
6 Most Difficult Cases.
In this section we will discuss the cases 6, 14, 15, 32 and 33. We shall use
the following inequalities repeatedly, whenever applicable.
1. (3,4,2) with AM-GM, φ1 = 4A+ 4D + 4H − 3H(D5A4) 13 − 9 > 0.
2. (1,4,4) with AM-GM, φ2 = A+ 4B + 4F − (B5F 5A) 12 − 9 > 0.
3. (1,4,1,1,1,1), φ3 = A+ 4B − 12B5AFGHI + F +G+H + I − 9 > 0.
4. (4,2,2,1) with AM-GM, φ4 = 4A+ 4E + 4G+ I − 3EG(2A5I) 13 − 9 > 0.
5. (4,1,2,2) with AM-GM, φ5 = 4A+E + 4F + 4H − 3FH(2A5E) 13 − 9 > 0.
6. (1,4,2,2) with AM-GM, φ6 = A+ 4B + 4F + 4H − 3FH(2B5A) 13 − 9 > 0.
7. (1,4,1,2,1) with AM-GM, φ7 = A+4B+F+4G+I−2(B5G3AFI) 12−9 > 0.
8. (1,4,3,1) with AM-GM, φ8 = A+ 4B + 4F + I − 2(0.5B5F 4AI) 12 − 9 > 0.
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10. (2,2,4,1), φ10 = 4A− 2A2B + 4C − 2C
2
D
+ 4E − 1
2
E5ABCDI + I − 9 > 0.
We note that φ10 is a decreasing function of A, a decreasing function of
C if C > D, a decreasing function of E, whenever E4ABCDI > 2 and a
decreasing function of I whenever E5ABCD > 2.
11. (2,4,2,1) with AM-GM, φ11 = 4A− 2A2B +4C+4G−2(C5G3ABI)
1
2+I−9 >
0. We note that φ11 is a decreasing function of A.
12. (1,1,4,2,1) with AM-GM, φ12 = A+B+4C+4G−2(C5G3ABI) 12+I−9 >
0.
13. (1,2,4,2) with AM-GM,
φ13 = A+ 4B − 2B2C + 4D + 4H − 2(D5H3ABC)
1
2 − 9 > 0.
Note that φ13 is a decreasing function of B whenever B > C, a decreasing
function of H whenever D5ABCH > 1.
14. (1,2,1,1,4) : φ14 = A+ 4B − 2B2C +D +E + 4F − 12F 5ABCDE − 9 > 0.
Note that φ14 is linear in A, D, E and is a decreasing function of B whenever
B > C.
15. (2,2,1,4), φ15 = 4A− 2A2B + 4C − 2C
2
D
+ E + 4F − 1
2
F 5ABCDE − 9 > 0.
Note that φ15 is a decreasing function of A always, a decreasing function
of C whenever C > D and is a decreasing function of F and E whenever
F 4ABCD > 2.
16. (1,2,4,1,1), φ16 = A+ 4B − 2B2C + 4D − 12D5ABCHI +H + I − 9 > 0.
Note that φ16 is a decreasing function of B whenever B > C and is a de-
creasing function of H and I whenever D5ABCI > 2 or D5ABCH > 2.
17. (2,1,4,1,1), φ17 = 4A− 2A2B + C + 4D − 12D5ABCHI +H + I − 9 > 0.
Note that φ17 is linear function of C,H and I and a decreasing function of
A.
18. (1,2,1,4,1), φ18 = A+ 4B − 2B2C +D + 4E − 12E5ABCDI + I − 9 > 0.
We note that φ18 is a linear function of A, D and I and a decreasing function
of B if B > C.
19. (2,2,2,2,1) with AM-GM,
φ19 = 4A− 2A2B + 4C + 4E + 4G+ I − 6CEG(ABI)
1
3 − 9 > 0.
We note that φ19 is a decreasing function of A. i.e.
φ
(1)
19 = 8 + 4a− 2(1+a)
2
1+b
+ 4c− 4(e+ g) + i− 6(1 + c)(1− e− g)(ABI) 13 > 0.
φ
(2)
19 = 4A− 2A
2
B
+ 4C − 2C2
D
+ 4E + 4G+ I − 4(E3G3ABCDI) 12 − 9 > 0.
φ
(3)
19 = 4A+ 4C − 2C
2
D
+ 4E + 4G+ I − 6(A3E3G3CDI) 12 − 9 > 0.
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20. (2,1,1,1,4), φ20 = 4A− 2A2B + C +D + E + 4F − 12F 5ABCDE − 9 > 0.
Note that φ20 is a decreasing function of A, and is linear in C,D,E.
21. (1,1,4,1,1,1), φ21 = A+B + 4C − 12C5ABGHI +G+H + I − 9 > 0.
22. (1,2,2,2,1,1) with AM-GM,
φ22 = A+ 4B − 2B2C + 4D + 4F +H + I − 4(D3F 3ABCHI)
1
2 − 9 > 0
i.e. φ
(1)
22 = 6 + a+ 4b− 2(1+b)
2
1+c
+ 4d− 4f − h+ i− 4{(1 + d)3(1− f)3(1 + a)
(1 + b)(1 + c)(1 + i)(1− h)} 12 > 0.
φ
(2)
22 = A+ 4B + 4D + 4F +H + I − 6BDF (AHI)
1
3 − 9 > 0.
φ
(3)
22 = A+ 4B − 2B
2
C
+ 4D − 2D2
E
+ 4F +H + I − 2(F 3ABCDHI)− 9 > 0
23. (2,2,2,1,1,1) with AM-GM,
φ23 = 4A− 2A2B + 4C + 4E +G+H + I − 4(C3E3ABGHI)
1
2 − 9 > 0.
φ
(1)
23 = 4A+ 4C + 4E +G +H + I − 6ACE(GHI)
1
3 − 9 > 0.
24. (2,3,1,1,1,1), φ24 = 4A− 2A2B +4C−C4ABFGHI+F +G+H+I−9 > 0.
φ
(1)
24 = 2B + 4C − C4ABFGHI + F +G+H + I − 9 > 0.
25. (3,3,1,1,1) with AM-GM, φ25 = 4A+4D+G+H+I−2(A4D4GHI) 12−9 >
0.
26. (4,4,1) with AM-GM, φ26 = 4A+ 4E + I − (A5E5I) 12 − 9 > 0.
27. (4,1,2,1,1) with AM-GM, φ27 = 4A+E+4F+H+I−2(A5F 3EHI) 12−9 >
0.
28. (4,3,1,1) with AM-GM, φ28 = 4A+4E+H+I−2(0.5A5E4HI) 12 −9 > 0.
29. (1,4,2,1,1) with AM-GM : φ29 = A+4B+4F+H+I−2(B5F 3AHI) 12−9 >
0.
30. (1,3,4,1) with AM-GM, φ30 = A+4B+4E+I−2(0.5E5B4AI) 12 −9 > 0.
31. (1,2,2,1,1,1,1) with AM-GM,
φ31 = A+ 4B + 4D + F +G+H + I − 4(B3D3AFGHI) 12 − 9 > 0.
32. (2,4,1,1,1), φ32 = 2B + 4C − 12C5ABGHI +G+H + I − 9 > 0.
Note that φ32 is linear in G,H, I and also in B.
φ
(1)
32 = 4A− 2A
2
B
+ 4C − 1
2
C5ABGHI +G+H + I − 9 > 0.
33. (4,1,1,1,1,1), φ33 = 4A− 12A5EFGHI + E + F +G+H + I − 9 > 0.
34. (1,2,1,2,1,1,1) with AM-GM,
φ34 = A+ 4B +D + 4E +G+H + I − 4(B3E3ADGHI) 12 − 9 > 0.
35. (1,3,2,1,1,1) with AM-GM, φ35 = A+4B+4E+G+H+I−2(2B4E3AGHI) 12−
9 > 0.
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36. (1,1,1,4,1,1) φ36 = A +B + C + 4D − 12D5ABCHI +H + I − 9 > 0.
37. (4,2,1,1,1) with AM-GM : φ37 = 4A+4E+G+H+I−2(A5E3GHI) 12−9 >
0.
38. (3,4,1,1) with AM-GM, φ38 = 4A+4D+H+I−2(0.5A4D5HI) 12 −9 > 0.
39. (3,1,3,1,1) with AM-GM, φ39 = 4A+D+4E+H+I−2(A4E4DHI) 12−9 >
0.
40. (1,2,2,2,2) with AM-GM,
φ
(1)
40 = A+ 4B + 4D + 4F + 4H − 8(B3D3F 3H3A)
1
4 − 9 > 0.
φ
(2)
40 = A+ 4B + 4D − 2D
2
E
+ 4F + 4H − 6(B3F 3H3ADE) 13 − 9 > 0.
φ
(3)
40 = A+ 4B − 2B
2
C
+ 4D − 2D2
E
+ 4F + 4H − 4(F 3H3ABCDE) 12 − 9 > 0.
41. (2,1,1,4,1) with AM-GM, φ41 = 4A− 2A2B +C +D+4E− 12E5ABCDI +
I − 9 > 0.
42. (2,4,1,2) with AM-GM, φ42 = 4A− 2A2B +4C − 12C5ABGHI +G+4H −
2H2
I
− 9 > 0.
43. (2,4,3) with AM-GM, φ43 = 4A− 2A2B +4C +4G−
√
2C5G4AB− 9 > 0.













+ I > 0.
(1∗) (2,1,6∗), φ∗1 = 4A− 2A
2
B
+ C + 6( 1
ABC
)1/6 − 9 > 0.





)1/6 − 9 > 0.





)1/7 − 9 > 0.
(4∗) (4,5∗), φ∗4 = 4A− 12A5x+ 5(x)1/5 − 9 > 0, where x = EFGHI = 1ABCD .





)1/6 + I − 9 > 0.







5 +H + I − 9 > 0.
(7∗) (2,1,5∗,1), φ∗7 = 4A− 2A
2
B




5 + I − 9 > 0.
(8∗) (4∗,4,1), φ∗8 = 4(x)
1/4 + 4E − 1
2
E5xI + I − 9 > 0, where x = ABCD.







5 + I − 9 > 0.
(10∗) (2,2,5∗), φ∗10 = 4A− 2A
2
B






5 − 9 > 0.
(11∗) (1,2,1,5∗), φ∗11 = A+ 4B − 2B
2
C




5 − 9 > 0.
(12∗) (5∗, 4), φ∗12 = 5(x)
1/5 + 4F − 1
2
F 5x− 9 > 0, where x = ABCDE.
Proposition 42. Case (33) i.e. A > 1, B > 1, C > 1, D ≤ 1, E ≤ 1, F ≤
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1, G ≤ 1, H ≤ 1, I > 1 does not arise.
Proof. Here a ≤ 1, b ≤ 1
2
, c ≤ 1
3
. Using the weak inequalities (2, 2, 2, 2, 1),
(2, 2, 1, 2, 1, 1), (2, 2, 2, 1, 1, 1), (1, 2, 2, 1, 1, 1, 1) we have
2b− 2d− 2f − 2h+ i > 0 (6.1)
2b− 2d− e− 2g − h+ i > 0 (6.2)
2b− 2d− 2f − g − h+ i > 0 (6.3)
a + 2c− 2e− f − g − h+ i > 0 (6.4)
In some of cases or claims that follow, we will need to prove φ29 < 0 for
different bounds on F, H . We note that φ29 is a decreasing function of F . If
we have F ≥ µ2, where µ2 a real number we use H > 23F (provided it is a
decreasing function of H). We can also use H ≥ 2
3




29 = A + 4B +
14
3
× 0.46873B + I − 2(0.46873)2(2
3
B9AI)1/2 − 9.
When F < µ2. The weak inequality (2,2,2,2,1) gives 2B+2D+2F+2H+
I > 9 which further gives F > 7−I
2





− B − µ2.
Sometimes we use the maximum of the two lower bounds on F namely
F >
{





− B −H if 7−I
2
− B − µ2 < H < 7−I2 − 1.46873B
In the first case we replace F by 0.46873B andH by 7−I
2
−1.46873B (whenever
φ29 is decreasing function of H) to get φ29 ≤
φ
(2)






− 1.46873B) 12 − 7−I
2
In the second case we replace F by 7−I
2
− B −H to get φ29 ≤ φ(3)29 and then
consider it as a function of H , where 7−I
2
−B − µ2 < H < 7−I2 − 1.46873B.
Claim (i) A < 1.685
Suppose A ≥ 1.685, then A3
BCD
> 2. When E
3
FGH
> 2 we find φ26 < 0
for 1 < I ≤ A, E > 0.46873A and 1.685 ≤ A < 2. Let now E3
FGH
≤ 2. If
G ≥ 0.6082, we find φ4 < 0 for I > 1, E > 0.46873A and 1.685 ≤ A < 2. So
we can take G < 0.6082 which gives H ≥ E3
2×0.6082F . If 1 > F ≥ 0.691, we find
φ27 < 0 for 1 < I ≤ A, E > 0.46873A and 1.685 ≤ A < 2. So we can take
F < 0.691 which implies E2 > FG. But then φ28 < 0 for H ≥ E32×0.6082×0.691 ,
1 < I ≤ A, E > 0.46873A and 1.685 ≤ A < 2.
Claim (ii) C < 1.26
Suppose C ≥ 1.26, then C3
DEF
> 2 and we find that φ11 < 0 for G >
0.46873C, 1 < I ≤ A, A ≥ B, 1 < B ≤ 3
2




Claim (iii) B < 1.375
Suppose B ≥ 1.375, then B3
CDE
> 2. We note that φ29 is a decreasing
function of F . If F ≥ 0.77, we find that φ29 < 0 for H > 23F , F ≥ 0.77,
1 < I ≤ A, B ≤ A < 1.685, 1.375 < B ≤ 3
2
.
When F < 0.77 = µ2. We find that φ
(2)
29 < 0, φ
(3)
29 < 0 for 1 < I ≤ A,
B ≤ A < 1.685, 1.375 < B ≤ 3
2
.
We divide the range of A into several subintervals and arrive at
a contradiction in each.
Case I: 1.64 ≤ A < 1.685




If G ≥ 0.625, we find φ4 < 0 for 1 < I ≤ A, E > 0.46873A and 1.64 ≤
A < 1.685. So we can take G < 0.625. If F ≥ 0.77, we find φ27 < 0 for
H ≥ 2
3
F , 1 < I ≤ A, E > 0.46873A and 1.64 ≤ A < 1.685. So we can take
F < 0.77 = µ2 which implies E
2 > (0.46873A)2 > FG.
Next we find that φ28 < 0 for 1 < I ≤ A, H ≥ 0.615, E > 0.46873A and
1.64 ≤ A < 1.685. Also φ28 < 0 for 1 < I ≤ A, E ≥ 0.888, H > 12E and
1.64 ≤ A < 1.685. So we can assume that E < 0.888 and H < 0.615. Then
B3
CDE
> 2 and φ29 < 0 for F ≥ 7−I2 − B − H , 7−I2 − B − µ2 < H < 0.615,
1 < I ≤ A, 1.64 ≤ A < 1.685, 1.327 < B ≤ 1.375. This gives a contradiction.
Case II: 1.58 ≤ A < 1.64




Working as in Case I we can take G < 0.642, F < 0.788 which implies
E2 > (0.46873A)2 > FG. Further considering φ28, can take E < 0.888 and
H < 0.704.
Suppose B ≥ 1.345, then B3
CDE
> 2. We work as in Claim (iii) and find
that φ29 < 0 for H >
2
3
F , F ≥ 0.785, 1 < I ≤ A, 1.58 ≤ A < 1.64,
1.345 < B ≤ 1.375. When F < 0.785 = µ2, we find that φ(2)29 < 0, φ(3)29 < 0
for 1 < I ≤ A, 1.58 ≤ A < 1.64, 1.345 < B ≤ 1.375. Therefore we can take
B < 1.345.
Suppose C ≥ 1.1186, then C3
DEF
> 2 and we find that φ11 < 0 for G >
0.46873C, 1 < I ≤ A, A ≥ 1.58, 1.304 < B ≤ 1.345 and 1.1186 < C ≤ 1.26.
Therefore we can take C < 1.1186.
Finally for B > 1.304 we find B
3
CDE
> 2. Again working as in Claim (iii)
and find that φ29 < 0 for F >
7−I
2
− B −H , 7−I
2
− B − 0.788 < H < 0.704,
1 < I ≤ A, 1.58 ≤ A < 1.64, 1.304 < B ≤ 1.345. This gives a contradiction.
Case III: 1.51 ≤ A < 1.58
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If B ≤ 1.276, we find that φ∗5 < 0, so can take B > 1.276.
Suppose B ≥ 1.361, then B3
CDE
> 2 for C < 1.26. We work as in Claim (iii)
and find that φ
(2)
29 < 0, φ
(3)
29 < 0 with µ2 = 1 for 1 < I ≤ A, 1.51 ≤ A < 1.58,




> 2. If E ≥ 0.893, we find φ4 < 0 for G ≥ 23E,1 < I ≤ A and
1.51 ≤ A < 1.58. So we can take E < 0.893. If F ≥ 0.812, we find φ27 < 0
for H ≥ 2
3
F , 1 < I ≤ A, E > 0.46873A and 1.51 ≤ A < 1.58. So we can take
F < 0.812
Suppose C ≥ 1.152, then C3
DEF
> 2 and we find that φ11 < 0 for G >
0.46873C, 1 < I ≤ A, A ≥ 1.51, 1.276 < B ≤ 1.361 and 1.152 < C ≤ 1.26.
Therefore we can take C < 1.152.
Suppose B ≥ 1.312, then B3
CDE
> 2 for C < 1.152. Again working as in
Claim (iii) and find that φ
(2)
29 < 0, φ
(3)
29 < 0 with µ2 = 1 for 1 < I ≤ A,
1.51 ≤ A < 1.58, 1.312 < B ≤ 1.361. Therefore we can take B < 1.312.
Suppose d+f < 0.35b+0.14i. From (6.1) we have h < b+ i
2
−d−f . Then
we find that φ
(1)
22 < 0 for 1 < I ≤ A, 1.276 < B ≤ 1.312 and 1.51 ≤ A < 1.58.
Therefore we can take d + f ≥ 0.35b+ 0.14i which together with (6.1) gives
h < 0.65b+ 0.36i.
Finally for B > 1.276, we find B
3
CDE
> 2 for C < 1.152 and E < 0.893. If
H > 0.915, we find φ29 < 0. If H < 0.915 i.e. h > 0.085 we find φ3 < 0 for












as E < 0.893,
0.085 < h < 0.65b + 0.36i, 0 < i ≤ a, 0.51 ≤ a < 0.58, 0.276 < b ≤ 0.312.
This gives a contradiction.
Case IV: 1.41 ≤ A < 1.51




> 2. Then we find that φ29 < 0 for .......So we can take
B3
CDE
≤ 2 which gives C ≥ B3
2
> 1.23, D ≥ B3
2C
> 0.976, E ≥ B3
2C
> 0.976.
Then E4ABCDI > 2 and B2 > CD. But φ30 < 0 for E > 0.976, 1 < I ≤ A,
1.35 ≤ B ≤ 1.375 and 1.41 ≤ A < 1.51. This gives a contradiction.
Subcase (ii) 1.267 ≤ B < 1.35
Suppose d+f < 0.329b+0.12i. From (6.1) we have h < b+ i
2
−d−f . Then
we find that φ
(1)
22 < 0 for 1 < I ≤ A, 1.267 < B ≤ 1.35 and 1.41 ≤ A < 1.51.
Therefore we can take d + f ≥ 0.329b + 0.12i which together with weak
inequalities (2,2,2,2,1) gives h < 0.671b + 0.38i. Now B4AFGHI > 2 for








, h < 0.671b+0.38i, A > 1.41, 1 < I ≤ A < 1.51
and 1.267 ≤ B ≤ 1.35 but φ29 < 0. This gives a contradiction.
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Subcase (iii) 1 ≤ B < 1.267
If B ≤ 1.237, we find that φ∗5 < 0, so can take B > 1.237.
Suppose d + f < 0.45b + 0.208i. As before we find that φ
(1)
22 < 0 for
1 < I ≤ A, 1.237 < B ≤ 1.267 and 1.41 ≤ A < 1.51. Therefore we can take
d+ f ≥ 0.45b+ 0.208i which gives h < 0.55b+ 0.292i. Now B4AFGHI > 2
but φ3 < 0 for f < b− g+h2 + i2 , 0 < g < b− h2 + i2 , 0 < h < 0.55b+ 0.292i,
1 < I ≤ A, 1.41 ≤ A < 1.51 and 1.237 ≤ B ≤ 1.267 . This gives a
contradiction.
Case V: 1.32 ≤ A < 1.41
Subcase (i) B ≥ 1.303
Working as in Subcase (iii) of Case IV, we can take d+ f ≥ 0.3b+0.103i









, 0 < h < 0.7b + 0.397i, 1 < I ≤ A, 1.32 ≤ A < 1.41 and
1.303 ≤ B ≤ 1.375. And we find that φ3 < 0 for f < b − g+h2 + i2 , 0 <




, 0 < h < 0.7b + 0.397i, 1 < I ≤ A, 1.32 ≤ A < 1.41 and
1 ≤ B ≤ 1.375. This gives a contradiction.
Subcase (ii) 1.269 ≤ B < 1.303
Working as in Subcase (iii) of Case IV, we can take d+f ≥ 0.45b+0.187i









, 0 < h < 0.55b + 0.313i, 1 < I ≤ A,
1.32 ≤ A < 1.41 and 1.269 ≤ B ≤ 1.303. This gives a contradiction.
Subcase (iii) 1 ≤ B < 1.269
If B ≤ 1.198, we find that φ∗5 < 0, so can take B > 1.198.
Working as in subcase(i) we can take d + f ≥ 0.5b + 0.218i which gives
h < 0.5b+ 0.282i and g + h < b+ 0.564i.
Suppose C ≥ 1.133. Then C4ABGHI > 2 for g+ h < b+0.564i, 1 < I ≤ A,
1.32 ≤ A < 1.41 and 1.198 ≤ B ≤ 1.269. But then φ21 < 0 for g + h <
b + 0.564i, B < 1.269, 1.32 ≤ A < 1.41 and 1 ≤ C ≤ 1.26. So we can take
C < 1.133.
Suppose e < 0.34b + 0.196i. Then φ23 < 0 for g <
a+i
2
+ c − e − h
2
,
0 < h < 0.5b+0.282i, 0 < c < 0.133, 0 < e < 0.34b+0.196i, 0 < i ≤ a, 0.32 ≤
a < 0.41 and 0 < b < 0.269. Therefore we can assume e ≥ 0.34b + 0.196i
which together with (6.2) gives g < 0.83b+ 0.402i− h
2
.
Suppose B4AFGHI > 2. We find that φ3 < 0 for f < b − g+h2 + i2 , 0 <




, 0 < h < 0.5b + 0.282i, 0 < i ≤ a, 0.32 ≤ a < 0.41 and
0 ≤ b ≤ 0.375. Therefore we can assume that B4AFGHI < 2.






g < 0.83b + 0.402i − h
2
, 0 < h < 0.5b + 0.282i, 0 < i ≤ a, 0.32 ≤ a < 0.41.
Therefore we can assume B < 1.2161.
Now when B is further reduced, working as above we find that d + f ≥
0.6b+ 0.252i, h < 0.4b+ 0.248i, e ≥ 0.48b+ 0.3i, and g < 0.76b+ 0.35i− h
2
.
But then B4AFGHI > 2 for B > 1.198 which gives a contradiction.
Case VI: 1 ≤ A <1.17.
If f + g + h ≤ 1.6c + 0.39(a + i), we find that φ(1)24 < 0 for 1 < B ≤ A,
1 < I ≤ A, 1 < A ≤ 1.17. When f + g + h > 1.6c + 0.39(a + i), we get
e < 0.2c+0.305(a+ i) and then find that φ
(1)








+ c− e, e < 0.2c+ 0.305(a+ i), 0 < i ≤ a, 0 < c ≤ a ≤ 0.17.
Case VII: 1.17 ≤ A <1.32.
Claim (i) B > 1.125
If B ≤ 1.125, we find that φ∗5 < 0, so can take B > 1.125.
Claim (ii) h < 0.584b+ 0.3i and g + h < 1.168b+ 0.6i
Suppose d + f < 0.416b + 0.2i. From (6.1) we have h < b + i
2
− d − f .
we find that φ
(1)
22 < 0 for 1 < I ≤ A, 1 < B ≤ A ≤ 1.32 . Therefore we
can take d + f ≥ 0.416b + 0.2i which together with (6.1) and (6.3) gives
h < 0.584b+ 0.3i and g + h < 1.168b+ 0.6i respectively.
Claim (iii) B4AFGHI < 2 and B < 1.286
Suppose B4AFGHI > 2, then we find that φ3 < 0 for f < b − g+h2 + i2 ,




, 0 < h < 0.584b+ 0.3i, 0 < i ≤ a, and 0 ≤ b ≤ a < 0.32.
Therefore we can assume that B4AFGHI < 2.









, 0 < h < 0.584b + 0.3i, 0 < i ≤ a, and 0.286 ≤ b ≤ a < 0.32.
Therefore we can assume B < 1.286.
Claim (iv) h < 0.5b+ 0.294i
WithB reduced, working as above we can further take d+f ≥ 0.5b+0.206i
which gives h < 0.5b+ 0.294i.
Claim (v) g < 0.875b+ 0.395i− d− h
2
Suppose e < 0.25b + 0.21i. Then φ23 < 0 for g <
a+i
2
+ c − e − h
2
,
0 < h < 0.5b + 0.294i, 0 < c < 0.26, 0 < e < 0.25b + 0.21i, 0 < i ≤ a,
0.17 ≤ a < 0.32 and 0 < b < min{a, 0.286}. Therefore we can assume
e ≥ 0.25b+0.21i which together with (6.2) gives g < 0.875b+0.395i− d− h
2
.
Claim (vi) B < 1.253 and h < 0.45b+ 0.26i
73




, 0 < g <
0.875b+ 0.395i− h
2
, 0 < h < 0.5b+ 0.294i, 0 < i ≤ a, 0.253 ≤ b ≤ a < 0.32.
Therefore we can assume B < 1.253. With B further reduced, working as
above we can take d+ f ≥ 0.55b+ 0.24i which gives h < 0.45b+ 0.26i.
Claim (vii) d ≥ 0.36b+ 0.188i
Suppose d < 0.36b+0.188i. We find that φ31 < 0 for f < b− d− g+h2 + i2 ,










, 0 < h < 0.45b+ 0.26i,
0 < d < 0.36b+0.188i, 0 < i ≤ a, 0.17 ≤ a < 0.32 and 0 < b < min{a, 0.253}.
Therefore we can assume that d ≥ 0.36b + 0.188i which gives f < 0.64b +
0.312i− g+h
2
and 0 < g < 0.515b+ 0.207i− h
2
.
Claim (viii) C < 1.137
Suppose C ≥ 1.137 Then C4ABGHI > 2 for g < 0.515b + 0.207i − h
2
,
0 < h < 0.45b+0.26i, 0 < i ≤ a, 0.17 ≤ a < 0.32 and 0.125 < b < 0.253. But
then we find that φ21 < 0 for g+h < 1.168b+0.6i, 1 < I ≤ A, 1 < C < 1.26,
1 < B ≤ A ≤ 1.32. Hence we can take C < 1.137.
Claim (ix) i ≥ 0.6a
Suppose i < 0.6a. If f + g+h < 1.64c+0.442(a+ i), we find that φ24 < 0
for b < min{a, 0.253}, 0 < i < 0.6a, 0 < c < 0.137 and 0.17 < a < 0.32. If
f +g+h ≥ 1.64c+0.442(a+ i), we get (using weak inequality (1,2,2,1,1,1,1))
that e < 0.18c+ 0.279(a+ i). But then φ
(1)
23 < 0 for g <
a+i
2





+ c − e, e < 0.18c + 0.279(a + i), 0 < i ≤ 0.6a, 0 < c ≤ 0.137,
0.17 < a ≤ 0.32.
Claim (x) A ≥ 1.223 and B > 1.153
We work as in Claim (vi). If f + g+ h < 1.58c+0.43(a+ i), we find that
φ24 < 0 If f + g + h ≥ 1.58c + 0.43(a + i), so that e < 0.21c + 0.285(a + i).
Then φ
(1)
23 < 0 0.6a < i ≤ a, 0 < c ≤ 0.137, 0.17 < a ≤ 0.223. Therefore we
can take A ≥ 1.223. But then φ∗5 < 0 for B ≤ 1.153.
Claim (xi) B < 1.164
Suppose B ≥ 1.164. Using f < 0.64b + 0.312i − g+h
2
and 0 < g <
0.515b + 0.207i − h
2
, 0 < h < 0.45b + 0.26i, 0.6a ≤ i ≤ a, 0.223 ≤ a < 0.32
and 0.164 ≤ b < 0.253 we find that B4AFGHI > 2. Therefore we must have
B < 1.164.
Claim (xii) C < 1.103




Suppose A ≤ 1.27. If f+g+h < 1.6c+0.51(a+ i), we find that φ24 < 0 If
f + g+ h ≥ 1.6c+0.51(a+ i), so that e < 0.2c+0.245(a+ i). Then φ(1)23 < 0.
Therefore we can take A ≥ 1.27. But then φ∗5 < 0 for B ≤ 1.164. This gives
a contradiction.
Proposition 43. Case (32) i.e. A > 1, B > 1, C > 1, D ≤ 1, E ≤ 1, F ≤ 1,
G ≤ 1, H > 1, I > 1 does not arise.
Proof. Here A ≤ 2, B ≤ 1.5, C ≤ 4
3
. Using the weak inequalities
(2, 2, 1, 2, 1, 1), (1, 2, 2, 1, 1, 1, 1), (2, 2, 2, 1, 1, 1) we have
2b− 2d− e− 2g + h + i > 0 (6.5)
a + 2c− 2e− f − g + h+ i > 0 (6.6)
2b− 2d− 2f − g + h+ i > 0 (6.7)
Note I : We find that φ32 < 0 using G ≥ 0.46873C, 1 < H ≤ A, 1 < I ≤ A
when
(i) 1 < B ≤ A ≤ 2, 1.155 < C ≤ 4
3
or
(ii) 1 < B ≤ A ≤ 1.465, 1.11 < C ≤ 4
3
or
(iii) 1 < B ≤ A ≤ 1.3, 1.05 < C ≤ 4
3
or
(iv) 1 < B ≤ 1.27, 1.02 < A ≤ 1.465, 1.01 < C ≤ 4
3
.
Note II : If B4AFGHI > 2, then we find that φ29 < 0 for F ≥ 0.46873B,
1 < H ≤ A and 1 < I ≤ A in the following cases
(i) 1.245 < B ≤ A ≤ 1.7325 or
(ii) 1 < B ≤ A ≤ 1.3 or
(iii) 1.2 < B ≤ 1.25, 1.29 ≤ A < 1.32 or
(iv) 1 < B ≤ A, 1.32 ≤ A < 1.35, h+ i < 1.48a or
(v) 1.2 < B ≤ A, 1.35 ≤ A < 1.38, h+ i < 1.48a or
(vi) 1.213 < B ≤ A, 1.38 ≤ A < 1.41, h+ i < 1.48a.
Claim(i) C ≤ 1.155 and A ≤ 1.7325
Suppose C > 1.155. Using (??) we have g < b + h+i
2






















We find that C4ABGHI > (1+ c)4(1+ a)(1+ b)(1+ h+ i)(1− g) > 2 for
g, h + i as above and 0 < b < min{a, 0.5}, 0.155 < c ≤ a ≤ 1. Also φ32 < 0
by Note I. This gives a contradiction. Now A ≤ 3
2
C < 1.7325.
Claim(ii) B ≤ 1.322
Suppose B > 1.322, then B
3
CDE
> 2. But φ29 < 0 by Note II, which gives
a contradiction.
Claim(iii) A ≤ 1.465
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Suppose A > 1.465, then A
3
BCD
> 2. Now if E2 > FG, then φ28 < 0 for
E ≥ 0.46873A, 1 < H ≤ A and 1 < I ≤ A. If E2 ≤ FG, then φ33 < 0 using
FG > E2, E ≥ 0.46873A, 1 < H ≤ A and 1 < I ≤ A. Hence A ≤ 1.465.
Claim(iv) A ≥ 1.198
Suppose A < 1.198. If f + g < 1.6c + 0.373(a + h + i), we find that
φ
(1)
24 < 0 for 0 < b ≤ a, 0 < h ≤ a, 0 < i ≤ a and 0 < c ≤ min{c, 0.155}. If
f+g ≥ 1.6c+0.373(a+h+i), using (6.6) we have e < 0.2c+0.3135(a+h+i).
But then φ
(1)
23 < 0, for 0 < g <
a+h+i
2
+ c− e, 0 < e < 0.2c+0.3135(a+h+ i),
0 < h < a, 0 < i < a and 0 < c < 0.155 and 0 < a < 0.198, a contradiction.
We divide the range of A into several subintervals and arrive at
a contradiction in each.
Case I: 1.198 ≤ A < 1.23
Firstly if B ≤ 1.1128, we find that φ∗6 < 0, so can take B > 1.1128.
Next we find that for C > 1.1482, C4ABGHI > 2 for g < b + h+i
2
,
0 < h ≤ a, 0 < i ≤ a but φ32 < 0 by Note I, giving thereby a contradiction.
So we can take C ≤ 1.1482.
Suppose now h+i ≤ 1.73a. If f+g < 1.55c+0.3958(a+h+i), we find that
φ
(1)
24 < 0 for 0.1128 < b ≤ a, 0 < h ≤ 1.73a− i, 0 < i ≤ a and 0 < c ≤ 0.1482.
If f+g ≥ 1.55c+0.3958(a+h+i), we have e < 0.225c+0.3021(a+h+i). But
then φ
(1)
23 < 0, for 0 < g <
a+h+i
2
+ c− e, 0 < e < 0.225c+ 0.3021(a+ h + i),
0 < h < 1.73a − i, 0 < i < a and 0 < c < 0.1482 and 0.198 < a < 0.23, a
contradiction. Therefore we can take h+ i > 1.73a.
We find that φ
(1)
22 < 0 for d+f ≤ 0.735b+0.26(h+i), 0 < h ≤ a, 0 < i ≤ a
and 0 < b ≤ a < 0.23. Hence d+f > 0.735b+0.26(h+i). Then using (6.7) we
get g < 0.53b+ 0.48(h + i). Now suppose C > 1.0879, then C4ABGHI > 2
for 1.73a − i < h ≤ a, 0 < i ≤ a, 0.1128 < b ≤ a and 0.198 < a < 0.23.
But φ32 < 0 by Note I; giving thereby a contradiction. Hence we must have
C ≤ 1.0879.
Suppose e ≤ 0.1884, then working as in Claim (iii), we find that φ(1)23 < 0,
for 0 < g < a+h+i
2
+ c − e, 0 < e < 0.1884, 1.73a − i < h ≤ a, 0 < i ≤ a,
0 < c ≤ 0.0879 and 0.198 < a < 0.23. Therefore we can take e > 0.1884, i.e.
E < 0.8116. Now B
3
CDE
> 2 for B ≥ 1.2088 and φ29 < 0 by Note II. Hence we
can take B < 1.2088.
Finally if f + g < 1.5c + 0.4299(a + h + i), we find that φ
(1)
24 < 0 for
0.1128 < b ≤ a, 0 < h ≤ a, 0 < i ≤ a and 0 < c ≤ 0.0879. If f + g ≥
1.5c + 0.4299(a+ h + i), we have e < 0.225c+ 0.28505(a+ h + i). But then
φ
(1)
23 < 0, for 0 < g <
a+h+i
2
+ c − e, 0 < e < 0.225c + 0.28505(a + h + i),
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0 < h ≤ a, 0 < i ≤ a and 0 < c < 0.1482 and 0.198 < a < 0.23, a
contradiction.
Case II: 1.23 ≤ A < 1.26
Firstly if B ≤ 1.1128, we find that φ∗6 < 0, so can take B > 1.1128.
As in Case I, for C > 1.14468 we find that C4ABGHI > 2 but φ32 < 0
by Note I, giving thereby a contradiction. So we can take C ≤ 1.14468.
Suppose h+ i ≤ 1.49a. We consider the cases f + g < 1.55c+ 0.3989(a+
h + i) and f + g ≥ 1.55c+ 0.3989(a+ h+ i), and work as in Case I to get a
contradiction. Therefore we can take h+ i > 1.49a.
We can further take E < 0.8061 by showing φ
(1)
23 < 0, then take B <
1.2266 by proving B
3
CDE
> 2 for B ≥ 1.2266 and φ29 < 0 by Note II.
We work as in Case I to get d+ f > 0.754b+ 0.25(h+ i) which gives g <
0.492b+ 0.5(h+ i). Now C4ABGHI > 2 for C > 1.0834, 1.49a− i < h ≤ a,
0 < i ≤ a, 0.1228 < b ≤ min{a, 0.2266} and 0.23 < a < 0.26. But φ32 < 0
by Note I. So we must have C ≤ 1.0834. Now B3
CDE
> 2 for B ≥ 1.20431 and
φ29 < 0 by Note II. So we can take B < 1.20431.
With B and C reduced, we can take h + i > 1.78a by considering the
cases f + g < 1.5c+ 0.4416(a+ h+ i) and f + g ≥ 1.5c+ 0.4416(a+ h + i).
Suppose next d + f ≤ 0.783b + 0.26(h + i). We find that φ(1)22 < 0 for
d+ f ≤ 0.783b+ 0.26(h+ i), 1.78a− i < h ≤ a, 0 < i ≤ a and 0.1228 < b ≤
0.20431, 0.23 ≤ a < 0.26. Hence d + f > 0.783b + 0.26(h + i). Then using
(6.7) we get g < 0.434b+ 0.48(h+ i).
Suppose d ≤ 0.097. We find that φ31 < 0 for 0 < f < b + h+i2 − d − g2 ,
0 < g < 0.434b + 0.48(h + i), 0 < d < 0.097, 0 < h ≤ a, 0 < i ≤ a,
0.1228 < b < 0.20431 and 0.23 < a < 0.26. Hence d > 0.097.


















1.78a − i < h ≤ a, 0 < i ≤ a and 0.23 < a < 0.26. But then we get a
contradiction using Note II. Hence we can take B ≤ 1.15.
We find that φ
(1)
22 < 0 for d+ f ≤ 0.833b+0.297(h+ i), 1.78a− i < h ≤ a,
0 < i ≤ a and 0.1228 < b ≤ 0.20431, 0.23 ≤ a < 0.26. Hence we must have
d+f > 0.783b+0.26(h+i). Then using (6.7) we get g < 0.334b+0.406(h+i).
Suppose d ≤ 0.147. We find that φ31 < 0 for 0 < f < b + h+i2 − d − g2 ,
0 < g < 0.334b + 0.406(h + i), 0 < d < 0.147, 0 < h ≤ a, 0 < i ≤ a,
0.1228 < b < 0.15 and 0.23 < a < 0.26. Hence we must have d > 0.147.
Finally we find that B4AFGHI > 2 for 0 < f < b + h+i
2






− 0.147 − g
2
, 0 < g < b + h+i
2
− d − e
2
< b + h+i
2
− 0.147 − 0.1939
2
,
1.78a− i < h ≤ a, 0 < i ≤ a, 0.1228 < b < 0.15 and 0.23 < a < 0.26. Then
we get contradiction as φ29 < 0 by Note II.
Case III: 1.26 ≤ A < 1.29
As in case I we can first take B > 1.1313 by proving φ∗6 < 0, then can
take C ≤ 1.14227. We can further take h+ i > 1.25a by considering the cases
f + g < 1.55c+ 0.4011(a+ h + i) and f + g ≥ 1.55c+ 0.4011(a+ h+ i).
We can further take E < 0.8053 by showing φ
(1)
23 < 0, then take B <
1.2254 by proving B
3
CDE
> 2 forB > 1.2254, C < 1.14227, D < 1, E < 0.8053
and φ29 < 0 by Note II.
We work as in Case I to get d+ f > 0.742b+ 0.25(h+ i) which gives g <
0.516b+ 0.5(h+ i). Now C4ABGHI > 2 for C > 1.0796, 1.25a− i < h ≤ a,
0 < i ≤ a, 0.1313 < b ≤ 0.2254 and 0.26 < a < 0.29. But φ32 < 0 by Note I.
So we must have C ≤ 1.0796. Now B3
CDE
> 2 for B ≥ 1.2025 and φ29 < 0 by
Note II. So we can take B < 1.2025.
With B and C reduced, we can take h + i > 1.58a by considering the
cases f + g < 1.5c+ 0.451(a+ h+ i) and f + g ≥ 1.5c+ 0.451(a+ h+ i).
We can further take E < 0.798 by showing φ
(1)




> 2 for B > 1.1989, C < 1.0796, D < 1, E < 0.798 and
φ29 < 0 by Note II.
With B and C further reduced, we can take g < 0.42b+ 0.488(h+ i) and
d > 0.08.


















1.58a− i < h ≤ a, 0 < i ≤ a and 0.26 < a < 0.29. So we get a contradiction
using Note II. Hence we can take B ≤ 1.156.
With B and C further reduced, we can take g < 0.28b+ 0.45(h+ i) and
d > 0.13
Finally We find that B4AFGHI > 2 for 0 < f < b + h+i
2
− 0.13 − g
2
,




, 1.58a−i < h ≤ a, 0 < i ≤ a, 0.1313 < b < 0.156
and 0.26 < a < 0.29. So we get a contradiction using Note II.
Case IV: 1.29 ≤ A < 1.32
Claim (i) B > 1.1393
Claim(ii) C ≤ 1.14065
Claim (iii) h+ i > 0.99a
We consider the cases f + g < 1.55c + 0.4006(a + h + i) and f + g ≥
1.55c + 0.4006(a + h + i), and work as in Claim (iii) of Case I to get a
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contradiction.
Claim(iv) E < 0.8103 and B < 1.2273
For the second result we use B
3
CDE
> 2 for B > 1.2273, C < 1.14065, D <
1, E < 0.8103 and φ29 < 0 by Note II.
Claim(v) d+ f > 0.7197b+ 0.25(h+ i) and C < 1.0796
Claim(vi) B ≤ 1.20498
We use here B
3
CDE
> 2 for B > 1.20498, C < 1.0796, D < 1, E < 0.8103
and see that φ29 < 0 by Note II.
Claim(vii) f + g > 1.5c+ 0.4586(a+ h + i) and h+ i > 1.37a
Claim(viii) E < 0.803 and B < 1.2014
For the second result we use B
3
CDE
> 2 for B > 1.2014, C < 1.0796, D <
1, E < 0.803 and see that φ29 < 0 by Note II.
Claim(ix) g < 0.504b+ 0.48(h+ i), d > 0.0342 and B ≤ 1.1875
For the last result we use B
3
CDE
> 2 for B > 1.1875, C < 1.0796, D <





, 0 < g < b+ h+i
2
, 0 < h ≤ a
and 0 < i ≤ a; a contradiction.
Claim(x) d+ f > 0.785b+ 0.26(h+ i) and C < 1.0619 and B ≤ 1.18097
For the last result we use B
3
CDE
> 2 for B > 1.18097, C < 1.0619, D <





, 0 < g < b+ h+i
2
, 0 < h ≤ a
and 0 < i ≤ a; a contradiction.
Claim(xi) g < 0.408b+ 0.476(h+ i) and d > 0.076
Claim(xii) B ≤ 1.1495
Suppose B ≥ 1.1495, then we find that B4AFGHI > 2 but φ3 < 0 for

















, max{0.99a− i, 0} < h ≤ a, 0 < i ≤ a and 0.29 < a < 0.32.
So we get a contradiction.
Claim(xiii) g < 0.304b+ 0.45(h+ i)
Final contradiction
We find that B4AFGHI > 2 but φ3 < 0 for 0 < f < b +
h+i
2





− 0.076 − g
2
, 0 < g < b + h+i
2
− d − e
2
< b + h+i
2
− 0.076 − 0.197
2
,
max{0.99a− i, 0} < h ≤ a, 0 < i ≤ a, 0.1393 < b < 0.1495 and 0.29 < a <
0.32. This gives a contradiction.
Case V: 1.32 ≤ A < 1.35
As in case I we can first take B > 1.14696 by proving φ∗6 < 0, then can
take C ≤ 1.14
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Now we distinguish the cases h+ i < 1.48a or h + i ≥ 1.48a.
Subcase I: h+ i < 1.48a
We can take E < 0.836 by showing φ
(1)




> 2 for B > 1.2399, C < 1.14, D < 1, E < 0.836 and see that
φ29 < 0 by Note II.
We work as in Case I to get d + f > 0.742b + 0.25(h + i) which gives
g < 0.538b+ 0.47(h+ i) and then d > 0.096.
Finally we find that B4AFGHI > 2 for 0 < f < b + h+i
2





− 0.096 − g
2
, 0 < g < b + h+i
2
− d − e
2





h ≤ min{a, 1.48a− i}, 0 < i ≤ a, 0.14696 < b < 0.2399 and 0.32 < a < 0.35.
But then φ29 < 0 by Note II, a contradiction.
Subcase II: h+ i ≥ 1.48a
Claim(i) E < 0.929
Suppose E ≥ 0.929. Here B2 > CD. We find that φ35 < 0 for G ≥ 23E,
E ≥ 0.929, 1.48a < h+ i < 2a, 0.14696 < b < 0.322 and 0.32 < a < 0.35.
Claim(ii) D < 0.9651 and B < 1.2692
If D ≥ 0.9651, then D4ABCHI ≥ D4ABC(1 + 1.48a− i)(1 + i) > 2 for
0.48a ≤ i ≤ a, D > 0.9651, A > 1.32 and B > 1.14696. But then φ36 < 0 for
1 < B < 1.322, 1 < C ≤ A, 1 < H ≤ A, 1 < I ≤ A, 0.9651 < D ≤ 1 and
1.32 < A < 1.35.
For the second result we use B
3
CDE
> 2 for B > 1.2692, C < 1.14, D < 1, E <
0.929 and see that φ29 < 0 by Note II.
Claim(iii) g < 0.754b+ 0.5(h+ i) and C ≤ 1.0948
We work as in Case I to get d+ f > 0.623b+ 0.25(h+ i) which gives g <
0.754b+ 0.5(h+ i). Now C4ABGHI > 2 for C > 1.0948, 1.48a− i ≤ h ≤ a,
0.48a < i ≤ a, 0.14696 ≤ b ≤ a and 0.32 < a ≤ 0.35. But φ32 < 0 by Note I.
Claim(iv) E < 0.8183 and B ≤ 1.2003
Suppose first e ≤ 0.1817, then we find that φ(1)23 < 0, for 0 < g < a+h+i2 +
c−e, 0 < e < 0.1817, 1.48a−i < h ≤ a, 0 < i ≤ a, 0 < c ≤ 0.0948 and 0.32 <




for B ≥ 1.2003 and φ3 < 0 for f < b + h+i2 − d − g2 < b + h+i2 − 0.0349 − g2 ,
g < 0.754b+ h+i
2
, 0 < h ≤ a, 0 < i ≤ a when 0 < b ≤ 0.25. When b > 0.25,
φ29 < 0 by Note II.
We repeat the cycle and get that
Claim(v) g < 0.484b + 0.5(h + i), C < 1.0582, B ≤ 1.1868 (proving here
φ3 < 0)
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Claim(vi) A ≤ 1.3434
Suppose A > 1.3434, we get A
3
BCD
> 2. If G > 6.46
9
, we find that φ37 < 0
for G > 6.46
9











− c and e < a+h+i
2
+ c− g.












< g < 0.53127, 1.48a− i < h ≤ a and 0.48a < i ≤ a and 0.3 < a < 0.35.
Hence we have A < 1.3434.
Repeating the cycle we get
Claim(vii) E < 0.812 and B ≤ 1.1838, g < 0.456b+ 0.48(h+ i), C ≤ 1.053,
B ≤ 1.1818 and A ≤ 1.3393
Repeating the cycle once again we get
Claim(viii) g < 0.436b+0.48(h+ i), d > 0.054 and B ≤ 1.174 (proving here





, g < 0.436b+ 0.48(h+ i))







1.174×1.053×0.928 > 2, and φ37 < 0 working as in Claim (x).This
gives a contradiction.
Case VI: 1.35 ≤ A < 1.38
We work in a similar way as in Case V. First we can assume B > 1.1542
and C ≤ 1.134.
Subcase I: h+ i < 1.48a
Here we get that E < 0.8312, B < 1.2354 (φ29 < 0 for B ≥ 1.2354 by
Note II), g < 0.536b+ 0.474(h+ i) and d > 0.085
Finally we find that B4AFGHI > 2 for B > 1.1542 and φ3 < 0 for




, g < 0.536b+0.474(h+ i). This gives a contradiction.
Subcase II: h+ i ≥ 1.48a
(i) E < 0.915
(ii) D < 0.9499 and B < 1.2539 (φ29 < 0 for B ≥ 1.2539 by Note II)
(iii) g < 0.75b+ 0.5(h+ i) and C ≤ 1.0899
(iv) B ≤ 1.2374 (proving here φ3 < 0)and A ≤ 1.3684
(v) g < 0.674b+ 0.5(h+ i) and C < 1.0761
(vi) E < 0.838 and B ≤ 1.1966 (proving here φ3 < 0)
Final contradiction : A
3
BCD
> 2 and φ37 < 0.
Case VII: 1.38 ≤ A < 1.41
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We work in a similar way as in Case V. Firstly proving φ∗6 < 0 we can
assume B > 1.161 and then working as in Claim (i) we can take C ≤ 1.128
Subcase I: h+ i < 1.48a
We get that E < 0.828, B < 1.2316, g < 0.534b+0.48(h+i) and d > 0.066.
Finally we find that B4AFGHI > 2 for B > 1.161 and φ3 < 0 for




, g < 0.534b+0.48(h+ i). This gives a contradiction.
Subcase II: h+ i ≥ 1.48a
We get that E < 0.901, D < 0.9353 and B ≤ 1.2388 (by showing that










Finally we find that A
3
BCD
> 2 but φ37 < 0. This gives a contradiction.
Case VIII: 1.41 ≤ A < 1.43
Working as in Claim (i) we can take C ≤ 1.1217









find that φ37 < 0 for G >
6.46
9
, E ≥ 0.46873A, 1 < H, I ≤ A and 1 < A ≤ 2.




< g < 0.53127. If h + i < a, then φ37 < 0 for
0 < e < a+h+i
2




< g < 0.53127, 0 < h+ i ≤ a.












< g < 0.53127, a < h + i ≤ 2a and
0.41 < a < 0.43. Hence we can take B ≥ 1.2494.
Suppose E ≥ 0.851, i.e. e < 0.149. Let first h + i < 1.35a We find that
φ19 < 0 for 0 < g <
a+h+i
2
+ c − e, 0 < e < 0.149, 0 < h ≤ 1.35a − i,
0 < i ≤ a, 0 < c < 0.1217 and and 0.41 < a < 0.43. When h + i ≥ 1.35a,
φ35 < 0 for G ≥ 23E, E ≥ 0.851, 1.35a < h + i < 2a, 0.2494 < b < 0.322 and






1.1217×0.851 > 2 and φ29 < 0. This gives a contradiction.
Case IX: 1.43 ≤ A < 1.465
Working as above we first find that C ≤ 1.1177. Then B3
CDE
> 2 for
B > 1.3076 and φ29 < 0. So we can take B ≤ 1.3076. But now A3BCD > 2 and
φ37 < 0. This gives a contradiction.
Proposition 44. Case (15) i.e. A > 1, B > 1, C > 1, D > 1, E ≤ 1, F ≤
1, G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof. Here c ≤ 1
2
, d ≤ 1
3
. Using the weak inequalities (2, 1, 2, 2, 2), (2, 1, 2, 1, 2, 1),
(2, 1, 2, 2, 1, 1), (2, 2, 2, 2, 1), (1, 2, 2, 2, 1, 1), (1, 2, 2, 2, 2), (1, 2, 2, 1, 2, 1), (1, 2, 2, 1, 1, 1, 1)
and (2, 2, 2, 1, 1, 1) we get
2b+ c− 2e− 2g − 2i > 0, (6.8)
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2b+ c− 2e− f − 2h− i > 0, , (6.9)
2b+ c− 2e− 2g − h− i > 0, (6.10)
2b+ 2d− 2f − 2h− i > 0, (6.11)
a + 2c− 2e− 2g − h− i > 0 (6.12)
a+ 2c− 2e− 2g − 2i > 0 (6.13)
a + 2c− 2e− f − 2h− i > 0 (6.14)
a+ 2c− 2e− f − g − h− i > 0 (6.15)
2b+ 2d− 2f − g − h− i > 0 (6.16)
Claim (i) D < 1.26
Suppose D ≥ 1.26, then D3
EFG
> 2. Now φ1 < 0 for H > 0.46873D and
1.26 ≤ D ≤ A < 2.1327.
Claim (ii) B < 1.7132
Suppose B ≥ 1.7132, then B3
CDE
> 2. When F
3
GHI
> 2 we find φ2 < 0 for
F > 0.46873B and 1.7132 ≤ B ≤ A < 2.1327. When F 3
GHI
≤ 2 we find φ3 < 0
for GHI > F
3
2
and 1.7132 ≤ B ≤ A < 2.1327, 2
3
< F ≤ 1.
Claim (iii) A > 1.155
Suppose A ≤ 1.155. If g + h + i < 1.6d + 0.546a, we find that φ25 < 0
for 1 < D ≤ A. If g + h + i ≥ 1.6d + 0.546a, which together with (6.16)
gives f < b + 0.2d − 0.273a, we find φ(1)22 < 0 for h < b + d − f − i2 , 0 < i <
b+ d− f, 0 < b ≤ a, 0 < d ≤ a.
We divide the range of A into many subintervals and arrive at a contra-
diction in each.




> 2 and E ≥ 0.46873A > 0.8905. We find that φ4 < 0
for G ≥ 0.72, I ≥ 2
3
G and E > 0.46873A or for I ≥ 0.75, G ≥ 2
3
E and
E > 0.46873A. Also φ5 < 0 for F ≥ 0.86, H ≥ 23F and E > 0.46873A or for
H ≥ 0.705, F ≥ 3
4
E and E > 0.46873A. So we can assume G < 0.72, I <
0.75, F < 0.86, H < 0.705. Now D
3
EFG
> 2 and φ9 < 0 for D ≥ 1.2. Finally
φ∗4 < 0 for 1 ≥ x ≥ 11.7132×1.5×1.2A and 1.9 ≤ A < 2.1327.
Case II: 1.865 ≤ A < 1.9
We work as in Case I to get G < 0.731, I < 0.85, F < 0.87, H < 0.725
and D < 1.214. Let first 2
3
A ≤ C < 1.455. Then φ∗4 < 0 for 1 ≥ x ≥
1
1.7132×1.455×1.214A and 1.865 ≤ A < 1.9.
When 1.455 ≤ C ≤ 1.5, we find that C3
DEF
> 2. We note that φ11 is a

















11 which is a decreasing function of C is at most 0 for 1 ≤ B < 1.7132
and 1.865 ≤ A < 1.9.
Case III: 1.755 ≤ A < 1.865




> 2. We find that φ6 < 0 for H ≥ 0.585, φ7 < 0 for G ≥ 0.719,
I ≥ 2
3
G, F > 0.46873B. So we can take H < 0.585 and G < 0.719. Then
F 2 > GH and φ8 < 0 for I ≥ 0.578 and F > 0.46873B. So we can take
I < 0.578. Now when F
3
GHI
> 2 we find φ2 < 0. When
F 3
GHI




> 0.5742 and G > F
3
2HI
> 0.714 and find that φ7 < 0.
Subcase II: 1.56 ≤ B < 1.674, 2
3




> 2. We find that φ6 < 0 for H ≥ 0.648 and F > 0.46873B or
for F > 0.866 and H ≥ 2
3
F ; φ7 < 0 for G ≥ 0.769, I ≥ 23G; and φ8 < 0 for
I ≥ 0.834 and F > 0.46873B. So we can assume that H < 0.648, F < 0.866,
G < 0.769 and I < 0.834. Then D
3
EFG
> 2 and φ23 < 0 for D > 1.152. So can
take D ≤ 1.152.
Suppose F ≥ E(> 0.46873A > 0.8226). Then φ8 < 0 for I ≥ 0.555. So
can take I < 0.555. But then F
3
GHI
> 2 and φ12 < 0 for C ≤ 1.32 or B ≥ 1.6.
If C > 1.32 and B < 1.6 then φ23 < 0. Therefore we can assume F < E.
Suppose I ≥ E(> 0.8226). Then φ7 < 0 for G ≥ 0.62 and φ8 < 0 for
F ≥ 0.735 So can take G < 0.62 and F < 0.735. Then φ23 < 0 Therefore we
can assume I < E.




But then φ∗4 < 0 for 1 ≥ x ≥ 11.674×1.335×1.152A and 1.755 ≤ A < 1.865.
Subcase III: 1.56 ≤ B < 1.65, 1.335 < C ≤ 1.5
Let E < λ and G < µ, I < ν, λ, µ, ν be some rational numbers. The
weak inequality (1,2,2,2,2) gives A+2C+2λ+2G+2I > 9 which further gives
G > 9−A
2
−λ−C − I. We also have I > 9−A
2











− λ− C − I if 9−A
2
− C − λ− µ < I < 9−A
2
− λ− 1.46873C
In the first case we replace G by 0.46873C and I by 9−A
2
− λ − 1.46873C













In the second case we replace G by 9−A
2
− λ − C − I to get φ11 ≤ φ(3)11
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and then consider it as a function of I, where 9−A
2







> 2. We find that φ6 < 0 for F > 0.866. For D < 1.26 and
F < 0.866 we get C
3
DEF
> 2. But then φ11 < 0 for I ≥ 23G, G ≥ 0.726 and
C > 1.335. When G < 0.726 = µ, we get φ
(2)
11 < 0 and φ
(3)
11 < 0 on taking
E ≤ 1 = λ.
Subcase IV: 1.65 ≤ B < 1.674, 1.335 < C ≤ 1.39
As before, using φ6 < 0 and φ7 < 0, we get that F < 0.845, H < 0.6 and
G < 0.73 = µ. Now D
3
EFG
> 2 and φ12 < 0 for D ≥ 1.142; E3FGH > 2 and
φ10 < 0 for E ≥ 0.987. So can take D < 1.142 and E < 0.987 = λ. Now
φ
(2)
11 < 0 and φ
(3)
11 < 0.
Subcase V: 1.65 ≤ B < 1.674, 1.39 < C ≤ 1.484





11 < 0 on taking E ≤ 1 = λ.
Subcase VI: 1.65 ≤ B < 1.674, 1.484 < C ≤ 1.5
Here we find φ7 < 0 and get that G < 0.73 = µ, φ11 < 0 and get that
E < 0.99 = λ. Now φ
(2)









> 2 and find that φ11 < 0 for I ≥ 23 and G ≥ 0.68. Take now
G < 0.68 = µ. Then φ
(2)
11 < 0 and φ
(3)
11 < 0 on taking E ≤ 1 = λ.
Subcase VIII: 3
4
A ≤ B < 1.495, 2
3




> 2 and E ≥ 0.46873A > 0.82. We find that φ4 < 0 for
G ≥ 0.775, I ≥ 2
3
G and E > 0.46873A. Also φ5 < 0 for F ≥ 0.892, H ≥ 23F
and E > 0.46873A or for H ≥ 0.84, F ≥ 3
4
E and E > 0.46873A. So we can
assume G < 0.775, F < 0.892, H < 0.84. Now D
3
EFG
> 2 and φ9 < 0 for
D ≥ 1.165. Therefore C ≥ 2
3
A > 1.17 > D and so (2, 7∗) holds. But φ∗3 < 0.
Subcase IX: 1.495 ≤ B < 1.56, 2
3
A ≤ C ≤ 1.365
Proceeding as in Subcase VIII, first we obtain that A
3
BCD
> 2, G <




as in Subcase II, using φ6; we can take that H < 0.697 and F < 0.885.
Suppose F ≥ E(> 0.46873A > 0.82). Then φ8 < 0 for I ≥ 0.585. So can
take I < 0.585. But then F
3
GHI
> 2 and φ12 < 0 for C ≤ 1.365 and B ≥ 1.495.
Therefore we can assume F < E.
Suppose I ≥ E(> 0.82). Then φ7 < 0 for G ≥ 0.652 and φ8 < 0 for




φ23 < 0 for D ≥ 1. Therefore we can assume I < E.
Now E is greater than each of F,G,H, I, so (4, 5∗) holds. But then φ∗4 < 0
for 1 ≥ x ≥ 1
1.56×1.365×1.165A and 1.755 ≤ A < 1.865.
Case IV: 1.54 ≤ B ≤ A < 1.755
Subcase I: 1.66 ≤ B ≤ A
Working as in Subcase I of Case III, we can take H < 0.59 and G < 0.725,
I < 0.593. Now when F
3
GHI
> 2 we find φ2 < 0. When
F 3
GHI








> 0.586 and G > F
3
2HI
> 0.6732. Again we find that φ7 < 0.




> 2 and find that φ11 < 0 for A ≥ B, I ≥ 23 and G ≥ 0.74.
Take now G < 0.74 = µ. Then φ
(2)
11 < 0 and φ
(3)
11 < 0 on taking E ≤ 1 = λ.
Subcase III: 1.54 ≤ B < 1.66, 1 < C ≤ 1.375
If C ≤ 1.2422, we find that φ∗2 < 0, so can take C > 1.2422. Here
B3
CDE
> 2. We find that φ6 < 0 for H ≥ 0.654 and F > 0.46873B or for
F > 0.8677 and H ≥ 2
3
F ; φ7 < 0 for G ≥ 0.7763, I ≥ 23G; and φ8 < 0
for I ≥ 0.8565 and F > 0.46873B. So we can assume that H < 0.654,
F < 0.8677, G < 0.7763 = µ and I < 0.8565. Then E
3
FGH
> 2 for E ≥ 0.9604
and φ23 < 0. Therefore can take E < 0.9604. Now
D3
EFG
> 2 for D > 1.1045
and φ12 < 0 for D > 1.18 and C < 1.375 or for D > 1.1045 and C < 1.31.
So can take D ≤ 1.18 if C ≥ 1.31 or D ≤ 1.1045 if C < 1.31. Now C3
DEF
> 2
for C > 1.2422.
If I ≤ 0.633 = ν we find that φ11 < 0 with λ = 1, µ = 0.7763. When
0.633 < I < 0.721 = ν, then φ7 < 0 for G ≥ 0.7 and φ8 < 0 for F ≥ 0.78
or for B ≥ 1.636. Therefore we can assume that G < 0.7, F < 0.78 and
B < 0.636. Then E
3
FGH
> 2 for E ≥ 0.953 as H < 0.654. But then φ23 < 0,
so we can take E < 0.953. But now we find that φ11 < 0 with λ = 0.953 and
at end points of I.
When 0.721 < I < 0.8565 = ν, then φ7 < 0 for G ≥ 0.66 and φ8 < 0
for F ≥ 0.752 or for B ≥ 1.592. Therefore we can assume that G < 0.66,
F < 0.752 and B < 1.592. Then E
3
FGH
> 2 for E ≥ 0.866 as H < 0.654. But
then φ23 < 0, so we can take E < 0.866. But now we find that φ
(2)
11 < 0 with
λ = 0.866 and at end points of I.
Case V: 1.67 ≤ A < 1.755, 1 ≤ B <1.54,




> 2, then φ11 < 0 for A > 1.67, I ≥ 23G and G > 0.72.
When G ≤ 0.72 = µ, we find that φ(2)11 < 0 and φ(3)11 < 0 on taking E ≤ 1 = λ.
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Therefore we can take C
3
DEF
≤ 2. This gives C ≤ 1.361. If B ≤ 1.395, we
find φ∗1 < 0. Similarly if C ≤ 1.15, we find φ∗2 < 0. Therefore we can take
B > 1.395 and C > 1.15. This is true for all B, 1 ≤ B < 1.54.
Suppose e+ g < 0.45b+0.25c. Using (6.8) we get i < b+ c
2
− e− g. Then
we find that φ23 < 0 for A > 1.67. Therefore we can take e+g ≥ 0.45b+0.25c
which together with (6.8) gives i < 0.55b + 0.25c. Now D4ABCHI > 2 for




(from (6.9)) and D > 1.145, but then φ9 < 0. Hence we can take
D ≤ 1.145 which is less than C. So (2, 7∗) holds, but φ∗3 < 0 for A > 1.67
and B < 1.448.
Subcase II: 1.448 ≤ B < 1.54
As in case VI, we can take C
3
DEF
≤ 2 and C ≤ 1.361. If C ≤ 1.184, we




> 2, then we find that φ6 < 0 for H ≥ 0.728 and F >
0.46873B or for F > 0.897 and H ≥ 2
3
F ; φ7 < 0 for G ≥ 0.831, I ≥ 23G. So




implies C < 1.313. Now D
3
EFG
> 2, for D > 1.15. Also φ9 < 0 for D > 1.15,




≤ 2 implies C < 1.2731. This gives A3
BCD
> 2. Suppose
E ≥ 0.897. If I > E, we get φ4 < 0 and if I ≤ E we find φ∗4 < 0. Therefore
we can take E < 0.897. Now D ≤ 1.15, E < 0.897, F < 0.897 and C3
DEF
≤ 2
implies C < 1.2278. This further restricts D to D ≤ 1.1018 using φ12 < 0.
Now using C > 1.184 and C
3
DEF
≤ 2 we find that E ≥ C3
2DF
> 0.839. Similarly
F > 0.839. But then we find that φ6 < 0 for H ≥ 0.62 and F > 0.839; φ7 < 0
for G ≥ 0.775, I ≥ 2
3
G and F > 0.839; φ8 < 0 for I ≥ 0.54 and F > 0.839.




and φ23 < 0 for F > 0.839. This gives a contradiction.
Hence we must have B
3
CDE
≤ 2. This gives B ≤ 1.509 using C ≤ 1.361
and D ≤ 1.26. As E ≥ B3
2CD
, D ≥ B3
2CE
, C ≥ B3
2DE
, we get C > 1.2047,
D > 1.1153 and E > 0.8852. If D ≥ 1.215 and D3
EFG
> 2, we find that
φ9 < 0. If D ≥ 1.215 and D3EFG ≤ 2, we get E ≥ D
3
2
> 0.8968 and similarly
F > 0.8968. Then F 4ABCDE > 2 but φ23 < 0. Hence we must have
D ≤ 1.215. Similarly if C ≥ 1.31, and C3
DEF
≤ 2 we find that E and F are
≥ C3
2D
> 0.9251. But then F 4ABCDE > 2 and φ23 < 0. Hence we can take
C < 1.31.
Thus we are left now with B
3
CDE
≤ 2, D ≤ 1.215, C < 1.31. Together with
B > 1.448, we get B < 1.4711, D > 1.1588, C > 1.2494 and E > 0.9537.
Finally as in Subcase IV, we can take e + g ≥ 0.403b + 0.25c which gives




and D > 1.1588,
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but then φ9 < 0.
Case VI: 1.58 ≤ A < 1.67, 1 ≤ B <1.54




> 2, and φ11 < 0 for A > 1.58, I ≥ 23G and G > 0.74. When
G ≤ 0.74 = µ, we find that φ(2)11 < 0 and φ(3)11 < 0 on taking E ≤ 1 = λ.
Subcase II: 1 < B ≤ 1.398, 1 ≤ C < 1.361
If B ≤ 1.347, we find φ∗1 < 0. Similarly if C ≤ 1.138, we find φ∗2 < 0.
Therefore we can take B > 1.347 and C > 1.138.
Suppose e + g < 0.499b+ 0.25c. Using i < b+ c
2
− e− g from (6.8), we find
that φ23 < 0 for A > 1.58. Therefore we can take e + g ≥ 0.499b + 0.25c
which together with (6.10) gives h+ i < 1.002b+ 0.5c. Now D4ABCHI > 2
for h+ i < 1.002b+0.5c and D > 1.125, but then φ9 < 0. Hence we can take
D ≤ 1.125 which is less than C. So (2, 7∗) holds, but φ∗3 < 0 for A > 1.58
and B < 1.398.






Firstly φ∗2 < 0, if C ≤ 1.171. Therefore we can take C > 1.171.
Now φ11 < 0 for I ≥ 23G and G ≥ 0.85. Let therefore G < 0.85 = µ. If
I ≤ 0.753 = ν then φ11 < 0 with E ≤ 1 = λ. So let I ≥ 0.753. Now φ11 < 0
for G > 0.46873C and C ≥ 1.293. Therefore can take C < 1.293
Suppose F > 0.0.74. As B
3
CDE
> 2, we find that φ6 < 0 for H ≥ 0.68 and
φ7 < 0 for G ≥ 0.665. When H < 0.68 and G < 0.665 then F 2 > GH and
φ8 < 0 for F > 0.0.74 and I ≥ 0.753. Therefore we can take F ≤ 0.74.
Suppose E > 0.9248. We find that φ6 < 0 for H ≥ 0.76 and φ7 < 0 for
G ≥ 0.703. When H < 0.76 and G < 0.703 then E3
FGH
> 2 and φ23 < 0 for
E > 0.9248 and I ≥ 0.753. Therefore we can take E ≤ 0.9248.
Finally φ23 < 0 for g <
a
2











0 < h < a
2










, 0 < i < 0.247.





As in Subcase III, we get C > 1.171. B
3
CDE
≤ 2 implies B < 1.509.
Now φ11 < 0 for I ≥ 23G and G ≥ 0.83. Let therefore G < 0.83 = µ. If
I ≤ 0.777 = ν then φ11 < 0 with E ≤ 1 = λ. So let I ≥ 0.777. Now φ11 < 0
for G > 0.46873C and C ≥ 1.25. Therefore can take C < 1.25. But then
B < 1.4659. We repeat the cycle and find that I ≥ 0.952, then φ11 < 0 for
G > 0.46873C and C ≥ 1.171.






As in Subcase III, we get C > 1.171. Suppose first F > 0.821. We find
88
that φ6 < 0 for H ≥ 0.636 and φ7 < 0 for G ≥ 0.797. When H < 0.636 and
G < 0.797 then F 2 > GH and φ8 < 0 for I ≥ 0.545. Therefore we can take
I ≤ 0.545. But then F 3
GHI
> 2 and φ2 < 0. Therefore we can take F ≤ 0.821.
This implies C < 1.2743.
Secondly φ7 < 0 for G ≥ 0.86, F ≥ 23 and I ≥ 23G. So we can take
G < 0.86. Now D
3
EFG
> 2 for D > 1.122, but φ12 < 0 for D > 1.165. If
D ≤ 1.165, we have C ≤ 1.2414 and then φ12 < 0 for 1.122 < D ≤ 1.165.
Hence we can take D ≤ 1.122 which gives C ≤ 1.226.
Now we have E > C
3
2DF
> 0.8715 and F > C
3
2DE
> 0.7155 for C ≥ 1.171
and D ≤ 1.122. For F > 0.7155 we find that φ6 < 0 for H ≥ 0.7 and
φ7 < 0 for G ≥ 0.835. Therefore H < 0.7 and G < 0.835. Also F ≤ 0.821.
Then for E ≥ 0.9864 we find E3
FGH
> 2 but φ23 < 0. Hence we can take
E < 0.9864. Now D
3
EFG
> 2 for D > 1.1059, but φ12 < 0. This gives
D < 1.1059, C < 3
√
2DEF < 1.2145. Further if B ≥ 1.465, we find φ∗2 < 0.
Therefore can take B < 1.465.
Suppose I ≥ E(> 0.8715). We find that φ7 < 0 for G ≥ 0.64. Therefore
can take G < 0.64. Then F 2 > GH as F > 0.7155 and H < 0.7 but φ8 < 0.




> 2 for A > 1.58, B < 1.465, C < 1.2145, D < 1.1059. Therefore
(4, 5∗) holds but φ∗4 < 0. This gives a contradiction.









Suppose first D ≥ 1.217. If D3
EFG




≤ 2 we get E, F ≥ D3
2
> 0.9. If F > 0.92 and E > 0.9 we
find F 4ABCDE > 2 and φ20 < 0 for B < 1.509. If F ≤ 0.92, D3EFG ≤ 2
gives E > 0.979. Also we get D < 1.2254, C < 1.3113, and hence B <
1.4757. Now again F 4ABCDE > 2 for E > 0.979, F > 0.9 and φ20 < 0 for
B < 1.4757. This gives a contradiction. Hence we can take D < 1.217 and
therefore C < 1.3452, B < 1.485.
Similarly if we take C ≥ 1.297, we find D > 1.0909, E > 0.8963, F >
0.8963. If F > 0.92 and E > 0.8963 we find F 4ABCDE > 2 and φ20 < 0
for B < 1.485. If ≤ 0.92 we get D > 1.1866 and E > 0.975 using C3
DEF
≤ 2.
But then F 4ABCDE > 2 for E > 0.975, F > 0.8963 and φ20 < 0 for
B < 1.485. This gives a contradiction. Hence we can take C < 1.297 and
therefore B < 1.467, D > 1.0532, E > 0.8654.
Suppose e + g < 0.3b + 0.2c. Using i < b + c
2
− e − g, from (6.8), we
find that φ19 < 0 for A > 1.58. Therefore we can take e + g ≥ 0.3b + 0.2c
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which together with (6.8)) gives i < 0.7b + 0.3c. Now D4ABCHI > 2 for




(from (6.9)) and D > 1.1776, but then φ9 < 0. Hence we can
take D ≤ 1.1776. This implies B < 1.451.
If F ≥ 0.883, we find φ22 < 0 using h < b + d − f − i2 (from (6.11)),
0 < i < 0.7b+0.3c, 1.0532 < D < 1.1776. Therefore we must have F < 0.883
which gives C < 1.2765, B < 1.4433. We repeat the cycle by proving e+ g ≥
0.385b+ 0.25c, i < 0.615b+ 0.25c, D < 1.1267, C < 1.2578 and B < 1.4152.
Also B > 1.398 gives D > B
3
2C
> 1.0861. Further we get F < 0.785 by proving
φ22 < 0. But then we must have C < 1.2094, B < 1.398.
Case VII: 1.5 ≤ A < 1.58, 1 ≤ B <1.54




> 2, and φ11 < 0 for A > 1.5, I ≥ 23G and G > 0.76. When
G ≤ 0.76 = µ, we find that φ(2)11 < 0 and φ(3)11 < 0 on taking E ≤ 1 = λ.
Subcase II: 1 < B ≤ 1.352, 1 ≤ C < 1.361
We work as in Subcase II of Case VI. If B ≤ 1.3, we find φ∗1 < 0. Similarly
if C ≤ 1.128, we find φ∗2 < 0. Therefore we can take B > 1.3 and C > 1.128.
Suppose e + g < 0.527b + 0.27c. Using i < b + c
2
− e − g we find that
φ19 < 0 for a > 0.5. Therefore we can take e+ g ≥ 0.527b+0.27c which gives
h + i < 0.946b+ 0.46c. Now D4ABCHI > 2 for D > 1.1, but then φ9 < 0.
Hence we can take D ≤ 1.1 which is less than C. So (2, 7∗) holds, but φ∗3 < 0
for A > 1.5 and B < 1.352.
Subcase III: 1.352 < B ≤ 1.4, 1 ≤ C < 1.361, C3
DEF
> 2
Firstly φ∗2 < 0, if C ≤ 1.162. Therefore we can take C > 1.162.
Now φ11 < 0 for I ≥ 23G and G ≥ 0.75. Let therefore G < 0.75 = µ. If
I ≤ 0.87 = ν then φ11 < 0 with E ≤ 1 = λ. So let I ≥ 0.87. Now φ11 < 0 for
G > 0.46873C and C ≥ 1.162.
Subcase IV: 1.352 < B ≤ 1.4, 1 ≤ C < 1.361, C3
DEF
≤ 2
Firstly as in Subcase III, we can take C > 1.162. Suppose e + g <
0.4b + 0.209c. Using i < b + c
2
− e − g we find that φ23 < 0 for A > 1.5.
Therefore we can take e + g ≥ 0.4b+ 0.209c which together with (6.8) gives





D > 1.159, but then φ9 < 0. Hence we can take D ≤ 1.159. This implies




We find φ23 < 0 using H > 1− b− d+ f + i2 , 0 < i < 0.6b+ 0.291c, when
F ≥ 0.87, 1 < D ≤ 1.1 or when F ≥ 0.839, 1.1 < D < 1.159. Therefore we
must have F < 0.87 when 1 < D ≤ 1.1 and F < 0.839 when 1.1 < D < 1.159.
which gives C < 1.2483. We repeat the cycle by proving e+g ≥ 0.43b+0.25c,
90
i < 0.57b+ 0.25c, D < 1.119. Further we get F < 0.81 by proving φ23 < 0.
But then we must have C < 1.2194.
Further if E ≥ 0.896, we find φ23 < 0 using g < b + c2 − e − h+i2 , (from
(6.10)), 0 < h < b + c
2
− e − f+i
2
, from (6.9) and 0 < i < 0.57b + 0.25c.
Therefore we can take E < 0.896 which gives C < 1.1755. Finally for 1.162 <
C < 1.1755, D > C
3
2EF
> 1.08, we find D4ABCHI > 2 and φ9 < 0 using











Firstly φ∗2 < 0, if C ≤ 1.193. Therefore we can take C > 1.193.
Now φ11 < 0 for I ≥ 23G and G ≥ 0.865. Let therefore G < 0.865 = µ. If
I ≤ 0.769 = ν then φ11 < 0 with E ≤ 1 = λ. So let I ≥ 0.769.
Suppose F > 0.73. As B
3
CDE
> 2, we find that φ6 < 0 for H ≥ 0.675 and
φ7 < 0 for G ≥ 0.642. When H < 0.675 and G < 0.642 then F 2 > GH and
φ8 < 0 for F > 0.73 and I ≥ 0.769. Therefore we can take F ≤ 0.73.
Suppose E > 0.9014. We find that φ6 < 0 for H ≥ 0.742 and φ7 < 0 for
G ≥ 0.676. When H < 0.742 and G < 0.676 then E3
FGH
> 2 and φ23 < 0 for
E > 0.9014 and I ≥ 0.769. Therefore we can take E ≤ 0.9014.
Finally φ23 < 0 for g <
a
2











0 < h < a
2










, 0 < i < 0.231.





As in Subcase V, we get C > 1.193. B
3
CDE
≤ 2 implies B < 1.509.
Now φ11 < 0 for I ≥ 23G and G ≥ 0.86. Let therefore G < 0.86 = µ. If
I ≤ 0.788 = ν then φ11 < 0 with E ≤ 1 = λ. So let I ≥ 0.788. Now φ11 < 0
for G > 0.46873C and C ≥ 1.298. Therefore can take C < 1.298. But then
B < 1.4845. We repeat the cycle and find that I ≥ 0.87, then φ11 < 0 for
G > 0.46873C and C ≥ 1.252. Therefore can take C < 1.252. But then
B < 1.4667. We repeat the cycle once again and find that I ≥ 0.936, then
φ11 < 0 for G > 0.46873C and C ≥ 1.214. Therefore can take C < 1.214.
But then B < 1.4517. Finally we find that I ≥ 0.99, then φ11 < 0 for
G > 0.46873C and C ≥ 1.193.






As in Subcase V, we get C > 1.193. Suppose first F > 0.815. We find
that φ6 < 0 for H ≥ 0.63 and φ7 < 0 for G ≥ 0.79. When H < 0.63 and
G < 0.79 then F 2 > GH and φ8 < 0 for I ≥ 0.531. Therefore we can take
I ≤ 0.531. But then F 3
GHI
> 2 and φ2 < 0. Therefore we can take F ≤ 0.815.
This implies C < 1.2712.
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Secondly φ7 < 0 for G ≥ 0.853, F ≥ 23 and I ≥ 23G. So we can take
G < 0.853. Now D
3
EFG
> 2 for D > 1.1162, but φ12 < 0. If D ≤ 1.1162, we
have C ≤ 1.2208. Also F ≥ C3
2D
> 0.7605 as C > 1.193.
For F > 0.7605, we find that φ6 < 0 for H ≥ 0.655 and φ7 < 0 for
G ≥ 0.81. Therefore can take H < 0.655 and G < 0.81. Also F ≤ 0.815.
Then for E ≥ 0.9528 we find E3
FGH
> 2 but φ18 < 0. Hence we can take
E < 0.9528. Now D ≥ C3
2EF




D > 1.09, but φ13 < 0. This gives a contradiction.





Here C > 1.193 and B < 1.509. Suppose first C ≥ 1.31. Then C3
DEF
≤ 2
gives D ≥ 1.124, E > 0.892, F > 0.892. If F > 0.928 we find F 4ABCDE >
2 and φ14 < 0 for B < 1.509. If 0.892 < F ≤ 0.928, we get C < 1.3274,
D > 1.2112, E > 0.9613. Now again F 4ABCDE > 2. But φ14 < 0 for
F > 0.899. For F < 0.899, we get C < 1.3134 and φ14 < 0. This gives a
contradiction. Hence we can take C < 1.31, and so B < 1.489.
Suppose e+g < 0.223a+0.3c. Using (6.13) we get I > 1−c−a
2
+e+g. Then
we find that φ19 < 0 for 1.5 < A < 1.58, 1.4 < B ≤ 1.489, 1.193 ≤ C < 1.31.
Therefore we can take e+ g ≥ 0.223a+0.3c which together with (6.12) gives





D > 1.1715, but then φ16 < 0. Hence we can take D ≤ 1.1715. This implies
B < 1.4533 and E > 0.894.
Suppose C ≥ 1.286. Then C3
DEF
≤ 2 gives D ≥ 1.0633, E > 0.9077, F >
0.9077. If F > 0.9356 we find F 4ABCDE > 2 and φ14 < 0 for B < 1.4533.
If F ≤ 0.9356, we get D > 1.136, E > 0.9697. Now again F 4ABCDE > 2
for F > 0.9077 and φ14 < 0. This gives a contradiction. Hence we can take
C < 1.286, and so B < 1.4444, D > 1.0668, E > 0.9106.
Suppose e + g < 0.25a+ 0.365c. Working as above, we find that φ19 < 0
for 1.5 < A < 1.58, 1.4 < B ≤ 1.4444, 1.193 ≤ C < 1.286. Therefore
we can take e + g ≥ 0.25a + 0.365c which gives i < 0.25a + 0.635c. Now




and D > 1.155, but then φ16 < 0. We
note here that φ16 < 0 even for D > 1. Hence we can take D ≤ 1.155. This
implies B < 1.4376.
Suppose e+g < 0.28b+0.198c. Using i < b+ c
2
−e−g we find that φ19 < 0
for 1.5 < A < 1.58, 1.4 < B ≤ 1.4376, 1.193 ≤ C < 1.286. Therefore we can
take e+g ≥ 0.28b+0.198c which together with (6.8) gives i < 0.72b+0.302c.
Further we find that φ22 < 0 for 0.0668 < d < 0.155, 0 < f < 0.118, 0 <
i < 0.72b+ 0.302c, 0.5 < a < 0.58, 0.4 < b < 0.4376 and 0.193 < c < 0.286.






≤ 2 implies C < 1.2678 and B < 1.43072.
Repeating the cycle we find that φ19 < 0 for e + g < 0.315b + 0.213c,
A > 1.5, 1.4 < B ≤ 1.43072, 1.193 ≤ C < 1.2678. Therefore we can take e+
g ≥ 0.315b+0.213c which together with (6.8) gives i < 0.685b+0.287c. Now




, 0 < i < 0.685b+0.287c,
A > 1.5, d > 0.1335, 0.193 < c < 0.2678 and 0.4 < b < 0.43072. Already
φ16 < 0 even for D > 1. Therefore we can take D ≤ 1.1335 which gives
C < 1.26, B < 1.4189 and D > 1.0888.
We again repeat the cycle to find that φ22 < 0 for 0.0888 < d < 0.1335, 0 <
f < 0.165, 0 < i < 0.685b + 0.287c, 0.5 < a < 0.58, 0.4 < b < 0.4189 and
0.193 < c < 0.26. Therefore we can take f ≥ 0.165 i. e. F ≤ 0.835. But now
we use h < b+ d− f + i
2
< b+ d− 0.165+ i
2
to find that D4ABCHI > 2 for
d > 0.103. So we can take D ≤ 1.103. But then C3
DEF




≤ 2 implies B < 1.394. This gives a contradiction as B > 1.4 in
this subcase.





Suppose first 1.27 ≤ C < 1.5. If G ≥ 0.79, we find that φ12 < 0 for
I ≥ 2
3
G. If G < 0.79 = µ, we work as in Subcase (iii) of Case III to find that
the corresponding φ
(2)
12 < 0, φ
(3)
12 < 0 with λ = 1, for 1 < B ≤ A, 1 < A < 1.5
and 1.27 < C ≤ 1.5.
Let now 1 ≤ C < 1.27. Suppose e + g < 0.27a + 0.305c. Using (6.13)
we get I > 1 − c − a
2
+ e + g. Then we find that φ19 < 0 for 1 < A < 1.5,
1 < B ≤ A, 1 ≤ C < 1.27. Therefore we can take e+g ≥ 0.27a+0.305c which














≤ 2, 1.35 < B ≤ A
We note that C
3
DEF
≤ 2 implies C < 1.361. Working as in subcase V
of Case VII, we get a contradiction if we have B
3
CDE




≤ 2. Also φ∗2 < 0, if C ≤ 1.179. Therefore we can take
C > 1.179.
Suppose first C ≥ 1.33. Then C3
DEF
≤ 2 gives D ≥ 1.1763, E >
0.933, F > 0.933. Then we find F 4ABCDE > 2 and φ15 < 0 for 1.35 < B ≤
A < 1.5. This gives a contradiction. Hence we can take C < 1.33.
Suppose e+ g < 0.18a+ 0.32c. Using I > 1− c− a
2
+ e + g we find that
φ19 < 0 for 1 < A < 1.5, 1.35 < B ≤ A, 1.179 ≤ C < 1.361. Therefore
we can take e + g ≥ 0.18a + 0.32c which gives i < 0.32a + 0.68c. Now
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and D > 1.185, but then φ16 < 0. Hence
we can take D ≤ 1.185. This implies C < 1.308 and so B < 1.4577.
We repeat the cycle to get e + g ≥ 0.24a + 0.32c, i < 0.26a + 0.68c,
D ≤ 1.17.
If F ≥ 0.952 and 1 < D < 1.05 or if F ≥ 0.927 and 1.05 < D < 1.17, we find
φ22 < 0 using H > 1−b−d+f + i2 , 0 < i < 0.26a+0.68c. Therefore we must
have F < 0.952 when 1 < D < 1.05 and F < 0.927 when 1.05 < D < 1.17
which gives C < 1.2864. This further gives B < 1.4439.
We repeat the cycle again to get e+g ≥ 0.279a+0.32c, i < 0.221a+0.68c,






, F < 0.907 when 1 < D < 1.07
and F < 0.882 when 1.07 < D < 1.1463 which gives C < 1.2563 and
B < 1.4228. If e+g < 0.317a+0.34c, we find that φ19 < 0 for 1.35 < A < 1.5,
1.35 < B ≤ min(A, 1.4228), 1.179 ≤ C < 1.2864. Therefore we can take
e + g ≥ 0.317a+ 0.34c which gives i < 0.183a+ 0.66c.
If E ≥ 0.881, we find φ23 < 0. So we can take E < 0.881 which gives
C < 1.213 and B < 1.4. We repeat the cycle once again to get e + g ≥
0.317a + 0.475c, i < 0.183a + 0.525c, h + i < 0.366a + 0.105c, E < 0.835,




≤ 2, 1 < B ≤ 1.35, 1.37 < A < 1.5, 1 < C < 1.23
Firstly if B ≤ 1.222, we find φ∗1 < 0. Similarly if C ≤ 1.093, we find
φ∗2 < 0. Therefore we can take B > 1.222 and C > 1.093.
Suppose e + g < 0.312a + 0.5c. Then we find that φ19 < 0 for 1.37 <
A < 1.5, 1.222 < B ≤ 1.35, 1.093 ≤ C < 1.23. Therefore we can take
e + g ≥ 0.312a + 0.5c which gives i < 0.188a + 0.5c. Now D4ABCHI > 2




and D > 1.155, but then φ16 < 0. Hence we can take
D ≤ 1.155.
If F ≥ 0.904 we find φ22 < 0 using H > 1 − b − d + f + i2 , 0 < i <
0.188a+ 0.5c. Therefore we must have F < 0.904. Here C2 > 1.0932 > DE.
If f + g + h + i ≤ 1.5c + 0.416a, we find φ24 < 0 for 1.222 < B ≤ 1.35,
1.37 < A < 1.5, 1.093 < C < 1.23. Therefore we can take f + g + h + i >
1.5c+ 0.416a which gives (using (6.15)) e < 0.292a+ 0.25c. Now φ23 < 0 for




≤ 2, 1 < B ≤ 1.35, 1.37 < A < 1.5, 1.23 < C < 1.361
Firstly if B ≤ 1.222, we find φ∗1 < 0. Therefore we can take B > 1.222.
Suppose e + g < 0.34b + 0.227c. Then we find that φ19 < 0 for 1.37 <
A < 1.5, 1.222 < B ≤ 1.35, 1.23 ≤ C < 1.361. Therefore we can take
e + g ≥ 0.34b+ 0.227c which gives i < 0.66b+ 0.273c. Now D4ABCHI > 2




, but then φ17 < 0. Hence we can take
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D ≤ 1.1692.
Suppose C ≥ 1.31. Then C3
DEF
≤ 2 gives D ≥ 1.124, E > 0.96, F > 0.96.
Now F 4ABCDE > 2. But then φ15 < 0. This gives a contradiction. Hence
we can take C < 1.31. We repeat the cycle to get e + g ≥ 0.353b + 0.25c,
i < 0.647b+0.25c. If F ≥ 0.885 and 1 < D < 1.11 or if F ≥ 0.849 and 1.11 <
D < 1.1692, we find φ22 < 0 using H > 1−b−d+f+ i2 , 0 < i < 0.647b+0.25c.
Therefore we must have F < 0.885 when 1 < D < 1.11 and F < 0.849 when
1.11 < D < 1.1692 which gives C < 1.2569. We repeat the cycle once
again to get e + g ≥ 0.37b + 0.26c, i < 0.63b + 0.24c, D < 1.137 (using






), F < 0.851, F < 0.824 when 1.1 < D < 1.1692, C < 1.233.
Finally if F ≥ 0.84 and 1 < D < 1.137 or if F ≥ 0.815 and 1.1 < D < 1.137,
we find φ22 < 0 using H > 1−b−d+f+ i2 , 0 < i < 0.63b+0.24c. Therefore we
must have F < 0.84 when 1 < D < 1.1 and F < 0.815 when 1.1 < D < 1.137




≤ 2, 1 < B ≤ 1.35, 1.155 < A < 1.37, B ≤ C
Firstly if B ≤ 1.075, we find φ∗1 < 0. Therefore we can take B > 1.075.
Suppose e+g < 0.3b+0.192c. Then we find that φ19 < 0 for I > 1−b− c2+e+g,
max{1.155, C} < A < 1.37, 1.075 < B ≤ min{1.35, C}. Therefore we can
take e+g ≥ 0.3b+0.192c which gives i < 0.7b+0.308c. Now D4ABCHI > 2




, but then φ16 < 0. Hence we can take
D ≤ 1.182. This gives C < 1.3322.
If F ≥ 0.935 for 1 < D < 1.09 or if F ≥ 0.893 for 1.09 < D < 1.182,
we find φ22 < 0 using H > 1 − b − d + f + i2 , 0 < i < 0.7b + 0.308c.
Therefore we must have F < 0.935 when 1 < D < 1.09 and F < 0.893 when
1.09 < D < 1.182 which gives C < 1.2829. We repeat the cycle once again
to get e+ g ≥ 0.466b+ 0.25c, i < 0.534b+ 0.25c, h+ i < 1.0684b+ 0.5c.
If E ≥ 0.912 for F < 0.935 or if E ≥ 0.9 for F < 0.9893, we find φ23 < 0




, 0 < h < b + c
2
− e − f+i
2
, 0 < i < 0.534b+ 0.25c.
Therefore we must have E < 0.912 when F < 0.935 and E < 0.9 when
F < 0.9893 which gives C < 3
√
2DEF < 1.2386. Now D4ABCHI > 2 for












− 0.088, but then
φ16 < 0. Hence we can take D ≤ 1.145.
If g + h + i < 1.6d + 0.59a, we find that φ25 < 0 for 1 < D ≤ 1.145.
Therefore we can take g+h+i ≥ 1.6d+0.59a which together with (6.16) gives
f < b+0.2d−0.295a. If B < 1.177, we find that φ22 < 0. Therefore can take
that B ≥ 1.177 and hence A ≥ C ≥ B ≥ 1.177. Suppose e+g < 0.54b+0.3c.
Then we find that φ19 < 0 for 1.177 < A < 1.37, 1.177 < B ≤ min{1.35, C}.
Therefore we can take e + g ≥ 0.54b + 0.3c which gives i < 0.46b + 0.2c,
h + i < 0.92b+ 0.4c.
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If F ≥ 0.864 for 1 < D < 1.1 or if F ≥ 0.84 for 1.1 < D < 1.145, we find
φ22 < 0 using H > 1− b− d+ f + i2 , 0 < i < 0.46b+0.2c. Therefore we must
have F < 0.864 when 1 < D < 1.1 and F < 0.84 when 1.1 < D < 1.145 which
gives C < 1.192. Finally E ≥ C3
2DF
> 0.847 and φ23 < 0 for h+i < 0.92b+0.4c,




≤ 2, 1 < B ≤ 1.35, 1.155 < A < 1.37, B > C
As in Subcase IV, we get B > 1.075. Suppose e + g < 0.2a + 0.328c.
Using (6.13) we get I > 1 − c − a
2
+ e + g. Then we find that φ19 < 0 for
1.155 < A < 1.37, 1 < C < B ≤ min{A, 1.35}. Therefore we can take
e + g ≥ 0.2a + 0.328c which gives i < 0.3a + 0.672c. Now D4ABCHI > 2




and D > 1.178, but then φ16 < 0. Hence we can take
D ≤ 1.178. This implies C < 1.331.
If F ≥ 0.95 for 1 < D < 1.088 or if F ≥ 0.91 for 1.088 < D < 1.178,
we find φ22 < 0 using H > 1 − a+b2 − d + f + i2 , 0 < i < 0.3a + 0.672c.
Therefore we must have F < 0.95 when 1 < D < 1.088 and F < 0.91 when
1.088 < D < 1.178 which gives C < 1.2895. Further if B ≤ 1.092, we find
φ∗1 < 0. Therefore we can take B > 1.092. If e + g < 0.25a + 0.432c, we find
that φ19 < 0 for 1 < C ≤ min{B, 1.2895}, 1 < B ≤ min{A, 1.35}. Therefore
we can take e + g ≥ 0.25a + 0.432c which gives i < 0.25a + 0.568c. Now













but then φ16 < 0. Hence we can take D ≤ 1.154.
If g + h + i < 1.55d + 0.6a, we find that φ25 < 0 for 1 < D ≤ 1.154.
Therefore we can take g + h + i ≥ 1.55d + 0.6a, which together with (6.16)
gives f < b+0.225d− 0.3a. If B < 1.16, we find that φ22 < 0. Therefore can
take that B ≥ 1.16 and then C ≥ 1.078, as φ∗2 < 0, if C ≤ 1.078.
If F ≥ 0.9 for 1 < D < 1.095 or if F ≥ 0.866 for 1.095 < D < 1.154, we
find φ22 < 0 using H > 1 − b − d + f + i2 . Therefore we must have F < 0.9
when 1 < D < 1.095 and F < 0.866 when 1.095 < D < 1.154 which gives
C < 1.2597. We repeat the cycle once again to get e + g ≥ 0.25a + 0.5c,
i < 0.25a+ 0.5c, h+ i < 0.5a+ c.





, 0 < i < 0.25a + 0.5c and F < 0.9. Therefore we must have
E < 0.876 which gives C < 3
√
2DEF < 1.2053. If f+g+h+i < 1.5c+0.448a
we find that C2 > DE and φ24 < 0. Therefore we can take f + g + h + i ≥
1.5c + 0.448a which together with (6.15) gives e < 0.25c + 0.276a. Now
φ23 < 0 for 1.078 < C < 1.2053. This gives a contradiction.
Proposition 45. Case (14) i.e. A > 1, B > 1, C > 1, D > 1, E ≤ 1, F ≤ 1,
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G ≤ 1, H ≤ 1, I > 1 does not arise.
Proof. Here B ≤ 2, C ≤ 1.5, D ≤ 4
3
. Using the weak inequalities
(1,2,2,1,2,1), (1, 2, 2, 2, 1, 1), (2, 2, 2, 2, 1), (2,1,2,1,2,1), (2,1,2,2,1,1), (2, 2, 2, 1, 1, 1)
and (1,2,1,2,1,1,1) we get
a + 2c− 2e− f − 2h+ i > 0, (6.17)
a + 2c− 2e− 2g − h+ i > 0 (6.18)
2b+ 2d− 2f − 2h+ i > 0, (6.19)
2b+ c− 2e− f − 2h+ i > 0 (6.20)
2b+ 2d− 2f − g − h+ i > 0 (6.21)
a + 2c− d− 2f − g + h+ i > 0 (6.22)
Claim(i) D ≤ 1.155 and B ≤ 1.7325
Suppose D > 1.155. If B ≥ 1.5, we have D4ABCHI > D4(1.5)2(4
9
D) >
2. Let now B < 1.5. Using (6.20) we have h < b+ c+i
2






















We find that D4ABCHI > (1 + d)4(1 + a)(1 + b)(1 + c + i)(1 − h) > 2
for h, c + i as above and 0 < b < min{a, 0.5}, 0.155 < d ≤ a ≤ 1.1327. Also
φ38 < 0 for H > 0.46873D, 1 ≤ I ≤ A and 1.155 < D ≤ A < 2.1327. This
gives a contradiction. Now B ≤ 3
2
D < 1.7325.
Claim(ii) C ≤ 1.322 and A ≤ 1.983
Suppose C > 1.322, then C
3
DEF
> 2. But φ11 < 0 for G > 0.46873C,




Claim(iii) B ≤ 1.533
Suppose B > 1.533, then B
3
CDE
> 2. Now if F 2 > GH , then φ8 < 0 for
F ≥ 0.46873B, 1 < I ≤ A and 1.533 < B ≤ A < 1.983. If F 2 ≤ GH , then
φ3 < 0 using GH > F
2, F ≥ 0.46873B, 1 < I ≤ A and 1.44 < B ≤ A <
1.983. Hence B ≤ 1.533.
Claim(iv) A ≤ 1.685
Suppose A > 1.685, then A
3
BCD
> 2. Now if E
3
FGH
> 2, then φ26 < 0 for




≤ 2. If G ≥ 0.6082 then φ4 < 0 using G > 0.6082,
I > 1, 0.46873A < E ≤ 1 and 1.685 < A < 1.983. So we must have
G < 0.6082. This gives H > E
3
2F×0.6082 . If F > 0.691, we find that φ27 < 0
for H > E
3
2F×0.6082 , 1 < I ≤ A, 0.691 < F < 1, 0.46873A < E ≤ 1 and
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1.685 < A < 1.983. So we must have F ≤ 0.691. Now E2 > (0.46873A)2 >
FG and so (4,3,1,1) holds. But φ28 < 0 for H >
E3
2×0.691×0.6082 , 1 < I ≤ A,
0.46873A < E ≤ 1 and 1.685 < A < 1.983. This gives a contradiction. Hence
we must have A ≤ 1.685.
Claim(v) B ≤ 1.498
Using A ≤ 1.685 instead of A < 1.983 and working as in Claim (iii) we
can take B ≤ 1.498.
Claim(vi) B ≤ 1.451 if A < 1.6





1.322×1.155 > 2. If F > 0.74, we see that
φ29 < 0 for H >
2
3
F , 1 < I ≤ A < 1.6. Therefore we can take F ≤ 0.74. If
G > 0.62, we find that φ7 < 0 for F > 0.46873B, 1 < I ≤ A < 1.6. Therefore




0.74×0.62 > 2. If D > 1.045 or if C < 1.23
we find that φ16 < 0 for B > 1.451, H > 0.46873D, 1 < I ≤ A, 1 < A < 1.6.





If A > 1.53 or if C > 1.26, we find that φ11 < 0 for G > 0.46873C, 1 < I ≤ A.
Therefore we can take A ≤ 1.53 and C ≤ 1.26. But then φ16 < 0. This gives
a contradiction.
We divide the range of A into several subintervals and arrive at
a contradiction in each.
Case I: 1.6 ≤ A < 1.685
If B ≤ 1.26, we find that φ∗7 < 0, so can take B > 1.26.




> 2. We find that φ4 < 0 for G ≥ 0.636, 1 < I ≤ A,
0.46873A < E ≤ 1 and 1.6 < A < 1.685. Also φ27 < 0 for H > 23F ,
F ≥ 0.782, 1 < I ≤ A, 0.46873A < E ≤ 1 and 1.6 < A < 1.685. So we





0.0.782×0.636 > 2 for D > 1
but φ17 < 0 for H > 0.46873D, 1 < I ≤ A, A > 1.6, 1 < C < 1.322 and
1 < B < 1.34.




> 2. As in Subcase I, we get that G < 0.636 and





0.0.782×0.636 > 2 for D > 1. But φ16 < 0 for B > 1.34,
H > 0.46873D, 1 < I ≤ A, 1.6 < A < 1.685, C < 1.183 and 1.045 < D <
1.155.




> 2. As in Subcase I, we get that G < 0.636 and
F < 0.782 and so E2 > FG. But then φ28 < 0 for H > 0.46873, E > 0.865,




for D > 1. If B > 1.415, φ16 < 0 for B > 1.415, H > 0.46873D, 1 < I ≤ A,
A > 1.6, C < 1.183 and 1 < D < 1.045. Also if C < 1.12 and B > 1.34 we






1.045×0.865×0.782 > 2. We see that φ11 < 0 for G > 0.46873C,
1 < I ≤ A, if A > 1.65, B < 1.415, C > 1.12 or if A > 1.6, B < 1.39, C >
1.12 or if A > 1.6, B < 1.415, C > 1.155. Therefore we can assume that
A < 1.65, B > 1.39 and C < 1.155. Now φ16 < 0. This gives a contradiction.
Subcase IV: 1.34 ≤ B < 1.395, 1.183 < C < 1.322
If E > 0.945 then E4ABCDI > (0.945)4(1.6)(1.34)(1.183) > 2. But then
φ∗8 < 0 for 1 < I ≤ A, 1.6 × 1.34 × 1.183 < x = ABCD < 1.685 × 1.498 ×
1.322× 1.155, 0.945 < E < 1. Therefore we can take E ≤ 0.945. If D > 1.11
then D4ABCHI > (1.11)4(1.6)(1.34)(1.183)(0.46873 × 1.11) > 2, but then
φ16 < 0. So we can take D ≤ 1.11. Now A3BCD > 2. As in Subcase I and III,






1.11×0.865×0.782 > 2. We see that φ11 < 0 for G > 0.46873C,
1 < I ≤ A, 1.6 < A < 1.685, 1.34 < B < 1.395, 1.183C < 1.322. This gives
a contradiction.
Subcase V: 1.395 ≤ B < 1.498, 1.183 < C < 1.322












1.281×1.11×0.945 > 2. If F > 0.76, we see that φ29 < 0 for
H > 2
3
F , 1 < I ≤ A. Therefore we can take F < 0.76. If G > 0.65, we find










0.945×0.76×0.65 > 2. If C > 1.21
or if B < 1.45 we find that φ11 < 0. Therefore we can take C ≤ 1.21 and
B ≥ 1.45. But then φ16 < 0. This gives a contradiction.
Case II: 1.5 ≤ A < 1.6
If B ≤ 1.22, we find that φ∗7 < 0, so can take B > 1.22.
Subcase I: 1.22 ≤ B < 1.27







d}, b < 0.27 and D > 1.098. Also φ38 < 0 for H > 0.46873D,
1 ≤ I ≤ A and 1 < D ≤ A < 1.6. This gives a contradiction. So we can take
D ≤ 1.098.
If C > D then (2, 6∗, 1) holds, but φ∗5 < 0 for A > 1.5 and B < 1.27.
Therefore we can take C ≤ D ≤ 1.098. But then A3
BCD
> 2. As in Subcase
I of Case I, we can take that G < 0.665 and F < 0.82. Also we find that
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φ4 < 0 for E ≥ 0.89, G ≥ 23E, 1 < I ≤ A and 1.5 ≤ A < 1.6. So we can
take E < 0.89. Now D
3
EFG
> 2 for D > 1 and φ17 < 0 for H > 0.46873D,
1 ≤ I ≤ A and 1 < C ≤ D ≤ 1.098. This gives a contradiction.
Subcase II: 1.27 ≤ B < 1.35, 1.22 < C ≤ 1.322
Here C > D. If C > I, then (2, 7∗) holds but φ∗3 < 0 for A > 1.5 and
B < 1.35. So we can take I ≥ C. If C > 1.28, we find that E4ABCDI > 2
for E > 0.895; and if 1.22 < C ≤ 1.28, E4ABCDI > 2 for E > 0.917.
Also we find that φ10 < 0 for 1 < I ≤ A, A > 1.5 and C, E satisfying
the respective bounds. Therefore we can take E ≤ 0.895 if C > 1.28 and
E ≤ 0.917 if 1.22 < C ≤ 1.28. Further if C3
DEF
> 2 we find that φ11 < 0 for
1.22 < C ≤ 1.322. Also C3
DEF
> 2 for C > 1.28 and E ≤ 0.895. Therefore
we can take C
3
DEF
≤ 2 and are left with the case 1.22 < C ≤ 1.28 and so
E ≤ 0.917. Now D4ABCHI > 2, φ17 < 0 for H > 0.46873D and D > 1.086;








F > 0.683, H > 2
3
F > 0.607 and C
3
DEF
= C4ABGHI > 2. This gives a
contradiction.
Subcase III: 1.27 ≤ B < 1.35, 1.125 < C ≤ 1.22, A3
BCD
≤ 2







d}, b < 0.35 and D > 1.1104. Also φ17 < 0 for H > 0.46873D,
1 ≤ I ≤ A and 1.1104 < D ≤ 1.155. So we can takeD ≤ 1.1104. Here C > D
and working as in Subcase II, we can take I ≥ C. Again E4ABCDI > 2 for
E > 0.955 and C > 1.125 but φ10 < 0 for 1 < I ≤ A, A > 1.5. Therefore
we can take E ≤ 0.955 i.e. e > 0.045. If F > 0.885, we see that φ22 < 0
for H > 2
3
F , B > 1.27, C < I < A, 1.125 < C < 1.22 and 1.5 < A < 1.6.










d}, we find that D4ABCHI > 2 and





≤ 2 implies A < 1.523, D > 1.024, C > 1.167, B > 1.291.
With bounds on A, B,C, D improved, we repeat the cycle to get E ≤ 0.93




and φ11 < 0. Therefore can take C ≤ 1.199. This gives, using A3BCD ≤ 2,
that A < 1.509, D > 1.042, C > 1.179, B > 1.327. Repeating the cycle
once again we get E ≤ 0.912 i.e. e > 0.088, F < 0.865 i.e. f > 0.135 and
D < 1.053. But then A ≤ (2BCD)1/3 < 1.5. This gives a contradiction.
Subcase IV: 1.27 ≤ B < 1.35, 1.125 < C ≤ 1.22, A3
BCD
> 2
We start as in Subcase I of Case I. As A
3
BCD
> 2, we find that φ4 < 0




1 < I ≤ A and 1.5 < A < 1.6. Also φ27 < 0 for H > 23F , F ≥ 0.82,
1 < I ≤ A, 0.46873A < E ≤ 1 and 1.5 < A < 1.6. So we can take
G < 0.665, E < 0.89 and F < 0.82. Now D
3
EFG
> 2 for D > 1 but φ17 < 0 for
H > 0.46873D, 1 < I ≤ A, A > 1.5, 1 < C ≤ 1.22 and 1.27 < B < 1.35.
Subcase V: 1.27 ≤ B < 1.35, 1 < C ≤ 1.125
Working as in Subcase III, we can take D ≤ 1.1104. Then A3
BCD
> 2 for
A > 1.5, B < 1.35, C < 1.125. We get a contradiction working as in Subcase
IV.
Subcase VI: 1.35 ≤ B < 1.4, B3
CDE
> 2
We find that φ29 < 0 if F > 0.77 and using H >
2
3
F or if H > 0.69
and using F ≥ 2
3
and for 1 < I ≤ A, 1.5 < A < 1.6, 1.35 ≤ B < 1.4 .
Therefore we can take F ≤ 0.77 and H ≤ 0.69. Further if G > 0.65, we
find that φ7 < 0 for F ≥ 23 , 1 < I ≤ A, 1.5 < A < 1.6, 1.35 ≤ B < 1.4.
Therefore we can take G < 0.65. Now E
3
FGH
> 2 and φ∗8 < 0 for 1 < I ≤ A,
1.5 × 1.35 < x = ABCD < 1.6 × 1.4 × 1.322× 1.155 and for 0.92 < E < 1.




> 2 and φ11 < 0 for C > 1.186, G > 0.46873C, 1 ≤ I ≤ A,




> 2 for D > 1, E ≤ 0.92, F ≤ 0.77 , G ≤ 0.65. If D > 1.025
or if C < 1.165 or if A < 1.55 or if B > 1.38, we find that φ16 < 0 for
H > 0.46873D, 1 < I ≤ A. Therefore we can take D ≤ 1.025, C ≥ 1.165,
A ≥ 1.55 and B ≤ 1.38. But then C3
DEF
> 2 and φ11 < 0 for C > 1.165,
G > 0.46873C, 1 ≤ I ≤ A. This gives a contradiction.
Subcase VII: 1.35 ≤ B < 1.4, B3
CDE
≤ 2
If F > 0.905, we see that φ22 < 0 for H >
2
3
F , B > 1.35, D > 1,
1 < I ≤ A, 1 < C < 1.322 and 1.5 < A < 1.6. Therefore we can take
F < 0.905 i.e. f > 0.095. If C ≤ 1.05, we find that φ∗9 < 0, so can take
C > 1.05. Now if E > 0.985, E4ABCDI > E4(1.5)(1.35)(1.05) > 2 and
φ∗8 < 0 for 1 < I ≤ A. Therefore we can take E ≤ 0.985 i. e. e > 0.015. Now










d}, we find that
D4ABCHI > 2 and φ16 < 0 for H > 0.46873D, D > 1.095, 1 ≤ I ≤ A. So
we can take D < 1.095. Further if C > 1.25, then C
3
DEF
> 2 and φ11 < 0 for
G > 0.46873C, 1 ≤ I ≤ A. Therefore we can take C ≤ 1.25. With better





≤ 2, we have B < 3√2CDE < 1.392, C ≥ B3
2DE
> 1.14056. We
repeat the cycle to get E < 0.9647 i.e. e > 0.0353, D < 1.0862, C ≤ 1.234.
Then B < 1.373, C ≥ 1.174, Also D ≥ B3
2CE
> 1.033. Now if E > 0.95,
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E4ABCDI > E4(1.5)(1.35)(1.174)(1.033) > 2 and φ∗8 < 0 for 1 < I ≤ A.
Therefore we can take E ≤ 0.95 i. e. e > 0.05. D < 1.079 and C ≤ 1.225.
We repeat the cycle once again to get B < 1.3593, C ≥ 1.2, D ≥ B3
2CE
>
1.057. E < 0.9394 i.e. e > 0.0606, D < 1.073 and C ≤ 1.218. But then
B < 3
√
2CDE < 1.3491 < 1.35, a contradiction.
Subcase VIII: 1.4 ≤ B < 1.451
If C ≤ 1.085, we find that φ∗9 < 0, so can take C > 1.085. If F > 0.886, we
see that φ22 < 0 for H >
2
3
F , B > 1.4, D > 1, 1 < I ≤ A, 1.085 < C < 1.322
and 1.5 < A < 1.6. Therefore we can take F < 0.886 i.e. f > 0.114.
Now if E > 0.968, E4ABCDI > E4(1.5)(1.4)(1.085) > 2 and φ∗8 < 0 for
1 < I ≤ A. Therefore we can take E ≤ 0.968 i. e. e > 0.032. Now using
h < b + c+i
2
− e − f
2






d}, we find that
D4ABCHI > 2 and φ16 < 0 for H > 0.46873D, D > 1.096, 1 ≤ I ≤ A. So
we can take D < 1.096. Further if C > 1.235, then C
3
DEF
> 2 and φ11 < 0 for
G > 0.46873C, 1 ≤ I ≤ A. Therefore we can take C ≤ 1.235.





1.235×1.096×0.968 > 2. Working as in Subcase
VI, we can take F ≤ 0.77, H ≤ 0.69 and G < 0.65. Then E3
FGH
> 2 for
E > 0.93 and φ∗8 < 0 for 1 < I ≤ A, (1.5)(1.4)(1.085) < x = ABCD <
(1.6)(1.451)(1.235)(1.1096) and for 0.93 < E < 1. Therefore we can take
E ≤ 0.93. Now if C > 1.22, then C3
DEF
> 2 and φ11 < 0 for G > 0.46873C,




2 for D > 1, whereas φ16 < 0 for either D > 1.103 or for D > 1 and C < 1.2
or for D > 1 and A < 1.55 or for D > 1 and B > 1.425. Therefore we can
take D ≤ 1.03, C ≥ 1.2, A ≥ 1.55 and B ≤ 1.425. But then C3
DEF
> 2 and
φ11 < 0. This gives a contradiction.
Case III: 1.4 ≤ A < 1.5
If B ≤ 1.18, we find that φ∗7 < 0, so can take B > 1.18.
Subcase I: 1.18 ≤ B < 1.29, 1.23 ≤ C < 1.322
Here C > D. If C > I, then (2, 7∗) holds but φ∗3 < 0 for A > 1.4 and
B < 1.29. So we can take I ≥ C. As C ≥ 1.23, we find that E4ABCDI > 2
for E > 0.946; and φ10 < 0. Therefore we can take E ≤ 0.946 i.e. e > 0.054.
If F > 0.925, we see that φ22 < 0 for H >
2
3
F , B > 1.18, C < I < A,
1.23 < C < 1.322 and 1.4 < A < 1.5. Therefore we can take F < 0.925 i.e.
f > 0.075. Further if C
3
DEF
> 2 we find that φ11 < 0. Therefore we can take
C3
DEF
≤ 2. This gives C < 1.265,D > 1.063. Again we find that E4ABCDI >
2 for E > 0.932; and φ10 < 0. Therefore we can take E ≤ 0.932 i.e. e > 0.068.











that D4ABCHI > 2 and φ17 < 0 for H > 0.46873D, D > 1.08, C ≤ I ≤ A.
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So we can take D < 1.08. But then φ22 < 0 for F > 0.9; so we can take
F ≤ 0.9. Now C < (2DEF ) 13 < 1.23. This gives a contradiction.
Subcase II: 1.18 ≤ B < 1.29, 1 < C < 1.23, A3
BCD
> 2
We find that φ4 < 0 for G ≥ 0.65, E ≥ 34D > 34 or for G ≥ 23E and
E > 0.92. Therefore we can take G ≤ 0.65 and E ≤ 0.92. Also φ27 < 0
for H > 2
3
F , F ≥ 0.8, 1 < I ≤ A and 1.4 < A < 1.5. So we can take




0.92×0.8×0.65 > 2 for D > 1, whereas φ17 < 0 for
1 < I ≤ A, A > 1.4, 1 < C < 1.23, 0.46873D < H < 1, 1 < D < 1.155 and
1.18 ≤ B < 1.29. This gives a contradiction.
Subcase III: 1.18 ≤ B < 1.29, 1.14 < C < 1.23, A3
BCD




> 2 we find that φ11 < 0 for 0 < i ≤ a, 1 < C < 1.23.
Therefore we can take C
3
DEF
≤ 2. Further if D3
EFG
> 2 we find that φ17 < 0
for 0 < i ≤ a. Therefore we can take D3
EFG







d}, we find that D4ABCHI > 2 for D > 1.1181. So we can take
D < 1.1181. This gives C > D. Now φ∗5 < 0 for A > 1.4, B < 1.243
and i < 0.85a. Therefore we can take B ≥ 1.243. If C > I, then (2, 7∗)
holds but φ∗3 < 0 for A > 1.4 and B < 1.29. So we can take I ≥ C. As
C ≥ 1.14, B ≥ 1.243, we find that E4ABCDI > 2 for E > 0.9698; and
φ10 < 0. Therefore we can take E ≤ 0.9698 i.e. e > 0.0302.
If F > 0.91, we see that φ22 < 0 for H >
2
3
F , B > 1.243, C < I ≤ A,
1.14 < C < 1.23 and 1.4 < A < 1.5. Therefore we can take F < 0.91. Further
making use of h < b+ d− f + i
2
, from (), in place of H > 2
3
F and noting that
φ
(1)
22 is an increasing function of C here, we find that φ
(1)
22 < 0 for c < 0.23,
0.09 < f ≤ 0.23, 0 < d < 0.1181 and 0 < i < 0.85a. Therefore we can take















≤ 2 gives C < 1.1688. Repeating the cycle we get f > 0.258,
D < 1.064, C < 1.1527 and E > C
3
2DF
> 0.938. Now φ
(2)
19 is a decreasing
function of G,E,C and of A. For E > 0.938, G > 0.72, C > 1.14, A > 1.4,
1 < I ≤ A, we find that φ(2)19 < 0 for 1.243 < B < 1.29 and 1 < D < 1.064.
Therefore we must have G ≤ 0.72. But now D3 < 2EFG implies D < 1.012
and C3 < 2DEF implies C < 1.136. This gives a contradiction.
Subcase IV: 1.18 ≤ B < 1.29, 1.14 < C < 1.23, A3
BCD
≤ 2, i ≥ 0.85a





≤ 2, D < 1.1181. This gives
C > D. Now φ∗5 < 0 for A > 1.4, B < 1.232 and i < a. Therefore we can take
B ≥ 1.232. Now we find that E4ABCDI > 2 for I > 1+0.85a > 1+0.85×0.4
and E > 0.934; but φ10 < 0. Therefore we can take E ≤ 0.934 i.e. e > 0.066.
Again working as in Subcase III we can take firstly F < 0.89 and then
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> 0.891. For E > 0.831, G > 0.71,C > 1.14, A > 1.4, 1 < I ≤ A,
we find that φ
(2)
19 < 0 for 1.232 ≤ B < 1.29 and 1 < D < 1.059. Therefore
we must have G ≤ 0.71. But now D3 < 2EFG implies D < 1. This gives a
contradiction.
Subcase V: 1.18 ≤ B < 1.29, 1 < C < 1.14, A3
BCD
≤ 2, i < 0.85a





≤ 2, D < 1.1181. Now
φ∗7 < 0 for C < 1.14, i < 0.85a, 1.4 < A < 1.5, and B < 1.222. Therefore
we can take B ≥ 1.222. If F > 0.95, we see that φ22 < 0 for H > 23F ,
B > 1.222, 0 < i < 0.85a, 1 < C < 1.14 and 1.4 < A < 1.5. Therefore we





22 < 0 for c < 0.14, 0.05 < f ≤ 0.24, 0 < d < 0.1181 and 0 < i < 0.85a.
Therefore we can take f > 0.24. Now using h < b + c+i
2









d}, we find that D4ABCHI > 2 for D > 1.076.
So we can take D < 1.076. Moreover A
3
BCD
≤ 2 gives A < 1.469.
If e + g ≤ 0.71c + 0.3(a + i), we find that φ(1)19 < 0 for 0 < i < 0.85a,
0 < c < 0.14, 0 < b < 0.29 and 0.4 < a < 0.469. So we can take e + g >
0.71c + 0.3(a + i) which together with () gives h < 0.58c + 0.4(a + i). Now





, 0 < h < 0.58c+ 0.4(a+ i),0 <
e < 0.1, 0 < i < 0.85a, 0.4 < a < 0.469 and 0 < c < 0.14. Therefore we
can take e > 0.1. Now using h < c + a+i
2
− e − f
2
< c + a+i
2
− 0.1 − 0.24
2
we find that D
3
EFG
= D4ABCHI > 2 for 0 < i < 0.85a, 0.4 < a < 0.469,
0 < c < 0.14 and d > 0.04. Therefore we can take D ≤ 1.04. Then C3
DEF
≤ 2
implies C < 1.125 and A
3
BCD
≤ 2 gives A < 1.446. We repeat the cycle to get
e + g > 0.73c+ 0.311(a+ i), h < 0.54c+ 0.378(a+ i), e > 0.142, C < 1.107,
D ≤ 1.026, C < 1.102 and A < 1.429.
Further making use of h < b+d−f+ i
2
we find that φ
(1)
22 < 0 for c < 0.102,
0.24 < f ≤ 0.254, 0 < d < 0.026 and 0 < i < 0.85a. Therefore we can take
f > 0.254, i.e. F < 0.746 which gives C < 1.096 and A < 1.427. We repeat
the cycle once again to get e+g > 0.74c+0.33(a+ i), h < 0.52c+0.34(a+ i),
e > 0.165, C < 1.086. This gives B > A
3
2CD




φ7 < 0 for F >
2
3
, G > 0.6, 0 < i < 0.85a, 0.4 < a < 0.427 and B < 1.29.
Therefore we can take G < 0.6. But then D < (2EFG)
1
3 < 1. This gives a
contradiction.
Subcase VI: 1.18 ≤ B < 1.29, 1 < C < 1.11, A3
BCD
≤ 2, i ≥ 0.85a





≤ 2, D < 1.1181. Also
A3
BCD
≤ 2 gives A < 1.474. Now φ∗7 < 0 for A > 1.4, C < 1.11, B < 1.213 and
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i < a. Therefore we can take B ≥ 1.213. Now we find that E4ABCDI > 2
for I > 1 + 0.85a > 1 + 0.85 × 0.4 and E > 0.9683; but φ10 < 0. Therefore
we can take E ≤ 0.9683 i.e. e > 0.0317.
Again working as in Subcase III first we can take F < 0.891. and then
f > 0.258. Now using h < a+i
2




+ c− 0.1607, we find that




gives A < 1.441. If e + g ≤ 0.71c + 0.305(a + i), we find that φ(1)19 < 0 for
0 < i < a, 0 < c < 0.11, 0 < b < 0.29 and 0.4 < a < 0.441. So we can take
e+g > 0.71c+0.305(a+i) which together with () gives h < 0.58c+0.39(a+i).





, 0 < h < 0.58c+ 0.39(a+
i),0 < e < 0.095, 0 < i < a, 0.4 < a < 0.441 and 0 < c < 0.11. Therefore we








we find that D
3
EFG
= D4ABCHI > 2 for 0.4 < a < 0.441, 0 < c < 0.11 and




≤ 2 we get B < 1.269 and so A < 1.4199. Repeating the cycle we





> 2, we find that φ7 < 0 for G > 0.68, F >
2
3
, 0.85a < i ≤ a.
Therefore we can take G < 0.68. But then D < (2EFG)
1
3 < 1. This gives a
contradiction.
Subcase VII: 1.18 ≤ B < 1.29, 1.11 < C < 1.14, A3
BCD
≤ 2, i ≥ 0.85a





≤ 2, D < 1.1181. Also
A3
BCD
≤ 2 gives A < 1.488. Now φ∗7 < 0 for A > 1.4, 1.11 < C < 1.14,
B < 1.21 and i < a. Therefore we can take B ≥ 1.21. Now we find that
E4ABCDI > 2 for I > 1 + 0.85a > 1 + 0.85 × 0.4 and E > 0.9439; but
φ10 < 0. Therefore we can take E ≤ 0.9439 i.e. e > 0.0561.
Again working as in Subcase III first we can take F < 0.891. and then
f > 0.249. Now using h < a+i
2
+ c− e− f
2
, we find that D4ABCHI > 2 for
D > 1.043. So we can take D ≤ 1.043. Further A3
BCD
≤ 2 gives A < 1.4531
and G > D
3
2EF
gives G > 0.705 If E > 0.91 we find φ
(2)
19 < 0 for G > 0.705,C >
1.11, 1 < I < A, A > 1.4. Therefore we can take E ≤ 0.91. As C3
DEF
≤ 2, we
get C < 1.126, and then A < 1.4471. Repeating the cycle we get D < 1.023,
G > 0.73, E < 0.86. But now C3 < 2DEF implies C < 1.1. This gives a
contradiction.
Subcase VIII: 1.29 ≤ B < 1.35, 1 < C < 1.322, i ≤ 0.6a
Claim (i) C > 1.092. If C ≤ 1.092, we find that φ∗9 < 0 for 0 < i ≤ 0.6a.




B > 1.29, 1 < I ≤ A, D > 1, 1 < C ≤ 1.322 and 1.4 < A < 1.5.










D4ABCHI > 2 and φ17 < 0.
Claim (iv) C ≤ 1.2781 proving C3
DEF
> 2 and φ11 < 0.
Claim (v) f > 0.25. Using h < b+d−f + i
2
, in place of H > 2
3
F we find that
φ
(1)
22 < 0 for c < 0.2781, 0.065 < f ≤ 0.25, 0 < d < 0.1165 and 0 < i < 0.6a.
Claim (vi) C ≤ 1.188 proving C3
DEF
> 2 and φ11 < 0.




and proving D4ABCHI > 2
and φ17 < 0. Further C < 1.167.
Claim (viii) g + h ≥ 1.5d + 0.526(a + i) proving φ25 < 0 for 0 < i ≤ 0.6a,





Claim (ix) i > 0.4a and b > 0.32. If i < 0.4a and b < 0.35 or i < 0.6a but
b < 0.32 we find that φ
(1)
22 < 0 for c < 0.167, 0.065 < f ≤ 0.25, 0 < d < 0.062
Claim (x) f > 0.28, D < 1.04, C < 1.145. (by repeating claims (v),(vi) and
(vii)).
Claim (xi)E < 0.962 for otherwise E4ABCDI > 2 using i > 0.4a, b > 0.32
and φ10 < 0.
Claim (xii) G < 0.69. If G ≥ 0.69, φ7 < 0 for F ≥ 23 , 0.4a < i < a
Final contradiction : D
3
EFG
> 2 for D > 1 but φ17 < 0.
Subcase IX: 1.29 ≤ B < 1.35, i > 0.6a, 1.17 < C < 1.322
Claim (i) F < 0.89. If F > 0.89, we see that φ22 < 0 for H >
2
3
F , B > 1.29,
0.6a < i ≤ a, D > 1, 1.17 < C ≤ 1.322 and 1.4 < A < 1.5.
Claim (ii)E < 0.9348 for otherwise E4ABCDI > 2 using i > 0.6a, c > 0.17,
b > 0.29 and φ10 < 0.




and proving D4ABCHI > 2
and φ17 < 0.
Claim (iv) C ≤ 1.217 proving C3
DEF
> 2 and φ11 < 0.
Claim (v) f > 0.205. Using h < b + d − f + i
2
, we find that φ
(1)
22 < 0 for
c < 0.217, 0.11 < f ≤ 0.205, 0 < d < 0.083 and 0.6a < i < a.




and proving D4ABCHI > 2
and φ17 < 0.
Final contradiction : C < (2DEF )
1
3 < 1.17. This gives a contradiction.
Subcase X: 1.29 ≤ B < 1.35, i > 0.6a, 1 < C ≤ 1.17




≤ 2. For if A3
BCD
> 2, working as in Subcase II of Case III we




for D > 1, whereas φ16 < 0 for B > 1.29. 1 < I ≤ A, 1 < C < 1.17,
H > 0.46873D, and 1 < D < 1.155 . This gives a contradiction.
Claim (iii) Working as in Subcase VIII, we can take F < 0.935, D ≤ 1.1165.
Claim (iv) f > 0.185. Using h < b + d − f + i
2
, we find that φ
(1)
22 < 0 for
c < 0.17, 0.065 < f ≤ 0.185, 0 < d < 0.1165 and 0 < i < a.
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Claim (v)E < 0.9597 for otherwise E4ABCDI > 2 using i > 0.6a, c > 0.053,
b > 0.29 and φ10 < 0.




and proving D4ABCHI > 2
and φ17 < 0.
Claim (vii) f > 0.242. Using h < b + d − f + i
2
, we find that φ
(1)
22 < 0 for
c < 0.17, 0.185 < f ≤ 0.242, 0 < d < 0.063 and 0 < i < a.




and proving D4ABCHI > 2
and φ17 < 0.
Claim (ix) C ≤ 1.151 proving C3
DEF






≤ 2. For if B3
CDE
> 2, working as in Subcase VI of Case II we
can take G ≤ 0.66 and F < 0.76. Now D3
EFG
> 1
0.9597×0.76×0.66 > 2 for D > 1,
whereas φ16 < 0 for B > 1.29. 1 < I ≤ A, 1 < C < 1.151, H > 0.46873D,
and 1 < D < 1.047 .
Claim (xi)B < 1.3226, A < 1.4718, using Claims (x) and (ii).
Claim (xii) f > 0.262, D < 1.032, C < 1.135, B < 1.311 and A < 1.4536.
With A,B and D reduced, we repeat the arguments in claims (vii)-(ix), (xi)
and obtain these.
Claim (xiii) C > 1.073. If C ≤ 1.073, we find that φ∗9 < 0 for 0.6a < i ≤ a.
Claim (xiv)E < 0.9552, D < 1.0245 by repeating arguments in claims (v)
and (vi).
Claim (xv) i > 0.78a. If i ≤ 0.78a and g + h ≤ 1.5d + 0.517(a + i) we find
that φ25 < 0 for 0 < i ≤ 0.78a, 0 < d ≤ 0.0245, 0.4 < a < 0.4536. If







22 < 0 for h < b+ d+
i
2
− f , 0 < c < 0.135, 0 < i ≤ 0.78a, 0 < d ≤ 0.0245,
0.29 < b < 0.311, 0.4 < a < 0.4536.
Claim (xvi)E < 0.942, D < 1.019, f > 0.271, D < 1.017, C < 1.118,
B < 1.29, by repeating arguments in claims (v)-(ix) and using claim (x).
This contradicts that B > 1.29.
Subcase XI: 1.35 ≤ B < 1.451, 1 < C < 1.322, B3
CDE
> 2
We find that φ29 < 0 if F > 0.784 and using H >
2
3
F or if H > 0.64
and using F ≥ 2
3
and for 1 < I ≤ A, 1.4 < A < 1.5, 1.35 ≤ B < 1.451 .
Therefore we can take F ≤ 0.784 and H ≤ 0.64. Further if G > 0.66, we
find that φ7 < 0 for F ≥ 23 , 1 < I ≤ A, 1.4 < A < 1.5, 1.35 ≤ B < 1.451.
Therefore we can take G < 0.66. Now E
3
FGH
> 2 and φ∗8 < 0 for 1 < I ≤ A,
1.4× 1.35 < x = ABCD < 1.5× 1.451× 1.322× 1.155 and for 0.92 < E < 1.




> 2 for C > 1.2 and φ11 < 0 for C > 1.26, G > 0.46873C,
1 ≤ I ≤ A, 1.4 < A ≤ 1.5 and 1.35 < B < 1.451. Therefore we can take
C ≤ 1.26. Further D3
EFG
> 2 for D > 1, E ≤ 0.92, F ≤ 0.784 , G ≤ 0.66.
If D > 1.05 or if C < 1.21 or if B > 1.425, we find that φ16 < 0 for
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H > 0.46873D, 1 < I ≤ A. Therefore we can take D ≤ 1.05, C ≥ 1.21 and
B ≤ 1.425. Further φ11 < 0 for C > 1.24 and 1.35 < B ≤ 1.425. So we can
take C < 1.24. If A < 1.444 or B > 1.394, we find that φ16 < 0. So we can
take A ≥ 1.444 and B < 1.394. But then φ11 < 0 for A ≥ 1.444, C > 1.21
and 1.35 < B ≤ 1.394. This gives a contradiction.
Subcase XII: 1.35 ≤ B < 1.451, 1 < C < 1.322, B3
CDE
≤ 2, i ≤ 0.45a
Claim (i) C > 1.144. If C ≤ 1.144, we find that φ∗9 < 0 for 0 < i ≤ 0.45a.




B > 1.35, 1 < I ≤ A, D > 1, 1 < C ≤ 1.322 and 1.4 < A < 1.5.
Claim (iii)E < 0.9807 for otherwise E4ABCDI > 2 using C > 1.144, B >
1.35, A > 1.4 and φ∗8 < 0..









D4ABCHI > 2 and φ16 < 0 for D > 1.1275.
Claim (v) C ≤ 1.2649 proving C3
DEF




Claim (vi) f > 0.24. Using h < b + d − f + i
2
, we find that φ
(1)
22 < 0
for c < 0.2649, 0.085 < f ≤ 0.24, 0 < d < 0.1275, 0 < i < 0.45a and
b < min{a, 0.451}.




and proving D4ABCHI > 2




Final contradiction : C
3
DEF
> 2 for C > 1.185 but φ11 < 0.
Subcase XIII: 1.35 ≤ B < 1.451, 1 < C < 1.322, B3
CDE
≤ 2, i > 0.45a
Claim (i) C > 1.093. If C ≤ 1.093, we find that φ∗9 < 0 for 0 < i ≤ a.
Claim (ii) F < 0.88. If F > 0.88, we see that φ22 < 0 for H >
2
3
F , B > 1.35,
1 + 0.45a < I ≤ A, D > 1, 1 < C ≤ 1.322 and 1.4 < A < 1.5.
Claim (iii)E < 0.9518 for otherwise E4ABCDI > 2 using C > 1.093, B >
1.35, A > 1.4, i > 0.45a and φ∗8 < 0.









D4ABCHI > 2 and φ16 < 0. Hence B < 1.408.
Claim (v) C ≤ 1.235 proving C3
DEF




gives C > 1.167. D > B
3
2CE
gives D > 1.046
Claim (vi)E < 0.926 for otherwise E4ABCDI > 2 using C > 1.167, B >
1.35, A > 1.4, D > 1.046, i > 0.45a and φ10 < 0.




and proving D4ABCHI > 2
and φ16 < 0. Further B < 1.3541.
Claim (viii) C ≤ 1.2095 proving C3
DEF
> 2 and φ11 < 0. But then B <
(2CDE)
1
3 < 1.35. This gives a contradiction.
Case IV: 1.3 ≤ A < 1.4




Working as in Subcase VI of Case II we can take F < 0.77, H < 0.61 and
G < 0.62. Now E
3
FGH
> 2 and φ∗8 < 0 for 0.91 < E < 1 and for 1 < I ≤ A,





> 2 for C > 1.22 and φ
(1)
32 < 0 for B ≤ A, G > 0.46873C,
h < a+i
2




+ c − 0.205, 1 < I ≤ A and 1.22 < C < 1.322.
Therefore we can take C ≤ 1.22. Finally D3
EFG
> 2 for D > 1, E ≤ 0.91, F ≤
0.77 , G ≤ 0.62; but φ16 < 0 for 0.46873D < H < 0.61, 1 < I ≤ A, B > 1.3
and C ≤ 1.22. This gives a contradiction.
Subcase II: 1.3 < B ≤ A, B3
CDE
≤ 2, i < 0.6a
Claim (i) F < 0.941. If F > 0.941, we see that φ22 < 0 for H >
2
3
F , B > 1.3,
1 < I ≤ A, D > 1, 1 < C ≤ min{A, 1.322} and 1.3 < A < 1.4.









D4ABCHI > 2 and φ16 < 0.
Claim (iii) C ≤ 1.291 proving C3
DEF
> 2 and φ11 < 0.
Claim (iv) f > 0.214. Using h < b + d − f + i
2





22 < 0 for c < 0.291, 0.059 < f ≤ 0.214, 0 < d < 0.142 and
0 < i < 0.6a.
Claim (v) C ≤ 1.216 proving C3
DEF
> 2 and φ
(1)













and proving D4ABCHI > 2 and
φ16 < 0. Further C < 1.191.




Claim (viii) e + g ≥ 0.705c+ 0.296(a + i) proving φ(1)19 < 0 for 0 < i ≤ 0.6a,
0 < c ≤ 0.191, 0.3 < b ≤ min{a, 0.367}. This gives h < 0.59c+ 0.408(a+ i).
Claim (ix) e ≥ 0.132 i.e. E < 0.868 by proving φ23 < 0 for b < 0.367,
i < 0.6a. Then C < 1.136
Final contradiction : B < (2CDE)
1
3 < 1.3
Subcase III: 1.3 < B ≤ A, i ≥ 0.6a, B3
CDE
≤ 2
Claim (i) C > 1.1, for if C ≤ 1.1, we find that φ∗9 < 0.
Claim (ii) F < 0.941, D ≤ 1.142 , C ≤ 1.291 as in Subcase II.
Claim (iii) E < 0.9772 if C > 1.1 and E < 0.9562 if C > 1.2 for otherwise
we have E4ABCDI > 2 and φ∗8 < 0.
Claim (iv) F < 0.905 if 1.2 < C < 1.291 and F < 0.895 if C < 1.2 for
otherwise we have φ22 < 0 for H >
2
3
F , B > 1.3, D > 1, 1 + 0.6a < I ≤ A
and 1.3 < A < 1.4.






Claim (vi)D < 1.095 if 1.2 < C < 1.255 and D < 1.085 if C < 1.2. Here we
use e + f
2
> 0.0913 if 1.2 < C < 1.255 and e + f
2
> 0.0753 if C < 1.2. Using
h < a+i
2
+ c− e− f
2
, we get D4ABCHI > 2 for D ≥ 1.097 if 1.2 < C < 1.255
and D ≥ 1.085 if C < 1.2 and φ16 < 0.
Claim (vii)B < 1.366 if C < 1.2.




φ11 < 0. Hence B < 1.374.
Claim (ix) f > 0.2 if 1.2 < C < 1.2376. Using h < b+ d− f + i
2
, we find that
φ
(1)
22 < 0 for 0.2 < c < 0.2376, 0.095 < f ≤ 0.2, 0 < d < 0.095 and 0 < i < a.
Similarly f > 0.238 if C < 1.2.
Claim (x) If C > 1.2, we must have C < 1.22; so B < 1.33. If C < 1.2, we
must have D < 1.0496, C < 1.161 and so B < 1.336.
Claim (xi) If C > 1.2, we have C
3
DEF
> 2 and φ
(1)
32 < 0, giving a contradiction.
Claim (xii) e + g ≥ 0.7c + 0.28(a + i) proving φ(1)19 < 0. This gives h <
0.6c+ 0.44(a+ i).
Claim (xiii) e ≥ 0.08 by proving φ23 < 0. Then C < 1.1375. But then
B < (2CDE)
1
3 < 1.3, a contradiction.
Case IV: 1 ≤ A < 1.19
Let first A < 1.164. If g + h < 1.5d + 0.466(a + i), we find that φ25 < 0
for 0 < i < a and 0 < d < min{a, 0.155}. When g + h ≥ 1.5d+ 0.466(a+ i),




(1.5d + 0.466(a + i)). Then
φ
(2)
22 < 0 for h < b + d +
i
2




(1.5d + 0.466(a + i)),
0 < d < min{a, 0.155}, 0 < i < a and 0 < b ≤ a.
Let now 1.164 ≤ A < 1.19. If g + h < 1.5d + 0.47(a + i), we find that
φ25 < 0 for 0 < i ≤ a and 0 < d < 0.155. When g+h ≥ 1.5d+0.47(a+ i), we
get that φ
(2)
22 < 0 for h < b+d+
i
2





0 < d < 0.155, 0 < i < a and 0 < b ≤ 0.164. Therefore we can take b > 0.164.
If e+ g < 0.71c+0.325(a+ i), we find that φ
(1)
19 < 0 for 0 < i ≤ a, 0 < c ≤ a,
0.164 < b ≤ a,and 0.164 < a < 0.19. When e + g ≥ 0.71c + 0.325(a + i) we
have h < 0.58c+ 0.35(a+ i) from (1, 2, 2, 2, 1, 1)w. But then D
4ABCHI > 2
for B > 1.164, D > 1.12, 0 < i ≤ a and 0 < c ≤ a . Also φ38 < 0 for
H > 0.46872D, 1 < I ≤ A, 1.12 < D < 1.155, 1.164 ≤ A < 1.19. Therefore
we can take D ≤ 1.12. With d now improved, we arrive at a contradiction
by proving φ25 < 0 when g + h < 1.5d + 0.528(a + i) and φ
(2)
22 < 0 when
g + h ≥ 1.5d+ 0.528(a+ i).
Case V: 1.19 ≤ A < 1.25







d}, b < a and D > 1.1492. Also φ38 < 0 for H > 0.46873D,
1 ≤ I ≤ A and 1 < D ≤ A < 1.25. This gives a contradiction. So we can
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take D ≤ 1.1492.
Subcase I: i < 0.8a
Claim (i) B ≥ 1.19. Suppose B < 1.19. If g + h < 1.5d + 0.509(a + i), we
find that φ25 < 0. If g + h ≥ 1.5d+ 0.509(a+ i), we get that φ(2)22 < 0.
Claim (ii) f ≥ 0.164. Suppose f < 0.164. Then φ(1)22 < 0




and proving D4ABCHI > 2 and
φ17 < 0.
Claim (iv) C ≤ 1.229 proving C3
DEF
> 2 and φ11 < 0.
Claim (v) e + g ≥ 0.69c + 0.29(a + i) proving φ(1)19 < 0. This gives h <
0.62c+ 0.42(a+ i).
Claim (vi) e ≥ 0.09 proving φ23 < 0.




and proving D4ABCHI > 2
and φ17 < 0.
Claim (viii) C ≤ 1.176 proving C3
DEF
> 2 and φ32 < 0.
Final contradiction : If g + h < 1.5d + 0.58(a + i), we find that φ25 < 0. If
g + h ≥ 1.5d+ 0.58(a+ i), we get that φ(1)22 < 0.
Subcase II: i ≥ 0.8a
Claim (i) B ≥ 1.174. Suppose B < 1.174. If g + h < 1.5d + 0.47(a + i), we
find that φ25 < 0. If g + h ≥ 1.5d+ 0.47(a+ i), we get that φ(2)22 < 0.
Claim (ii) f ≥ 0.185 by proving φ(1)22 < 0.




and proving D4ABCHI > 2 and
φ38 < 0.
Claim (iv) C ≤ 1.216 proving C3
DEF
> 2 and φ11 < 0.
Claim (v) e + g ≥ 0.69c + 0.29(a + i) proving φ(1)19 < 0. This gives h <
0.62c+ 0.42(a+ i).
Claim (vi) e ≥ 0.08 proving φ23 < 0.




and proving D4ABCHI > 2
and φ17 < 0.
Claim (viii) C ≤ 1.17 proving C3
DEF
> 2 and φ32 < 0.
Claim (ix) e + g ≥ 0.72c + 0.315(a + i) proving φ(1)19 < 0. This gives h <
0.56c+ 0.37(a+ i).
Claim (x) e ≥ 0.13 proving φ23 < 0.




and proving D4ABCHI > 2
and φ17 < 0.
Claim (xii) C ≤ 1.142 proving C3
DEF
> 2 and φ32 < 0.
Final contradiction : If g + h < 1.5d+ 0.548(a+ i), we find that φ25 < 0. If
g + h ≥ 1.5d+ 0.548(a+ i), we get that φ(1)22 < 0.
Case VI: 1.25 ≤ A < 1.3
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d}, b < a andD > 1.143. Also φ38 < 0 forH > 0.46873D, 1 ≤ I ≤ A
and 1 < D ≤ A < 1.3. This gives a contradiction. So we can take D ≤ 1.143.
Subcase I: i < 0.7a
Claim (i) B ≥ 1.218. Suppose B < 1.218. If g + h < 1.5d+ 0.509(a+ i), we
find that φ25 < 0. If g + h ≥ 1.5d+ 0.509(a+ i), we get that φ(2)22 < 0.
Claim (ii) f ≥ 0.182 proving φ(1)22 < 0
Claim (iii) C ≤ 1.232 proving C3
DEF
> 2 and φ11 < 0.




and proving D4ABCHI > 2 and
φ17 < 0.
Claim (v) C ≤ 1.216 proving C3
DEF
> 2 and φ11 < 0.
Claim (vi) e + g ≥ 0.7c + 0.3(a + i) proving φ(1)19 < 0. This gives h <
0.6c+ 0.4(a+ i).
Claim (vii) e ≥ 0.12 proving φ23 < 0.




and proving D4ABCHI > 2
and φ17 < 0.
Claim (ix) C ≤ 1.151 proving C3
DEF
> 2 and φ32 < 0.
Final contradiction : If g + h < 1.5d+ 0.585(a+ i), we find that φ25 < 0. If
g + h ≥ 1.5d+ 0.585(a+ i), we get that φ(1)22 < 0.
Subcase II: i ≥ 0.7a
Claim (i) B ≥ 1.185 proving φ25 < 0 for g + h < 1.5d + 0.465(a + i), and
φ
(2)
22 < 0 for g + h ≥ 1.5d+ 0.465(a+ i).
Claim (ii) f ≥ 0.2 by proving φ(1)22 < 0.
Claim (iii) C ≤ 1.223 proving C3
DEF
> 2 and φ11 < 0.




and proving D4ABCHI > 2 and
φ38 < 0.
Claim (v) C ≤ 1.205 proving C3
DEF
> 2 and φ11 < 0.
Claim (vi) e + g ≥ 0.7c + 0.285(a + i) proving φ(1)19 < 0. This gives h <
0.6c+ 0.43(a+ i).
Claim (vii) e ≥ 0.07 proving φ23 < 0.
Claim (viii) C ≤ 1.177 proving C3
DEF
> 2 and φ32 < 0.




and proving D4ABCHI > 2
and φ17 < 0.
Claim (x) B ≥ 1.235. proving φ25 < 0 for g + h < 1.5d + 0.528(a + i), and
φ
(2)
22 < 0 for g + h ≥ 1.5d+ 0.528(a+ i).
Claim (xi) f ≥ 0.23 by proving φ(1)22 < 0.
Claim (xii) C ≤ 1.494 proving C3
DEF
> 2 and φ32 < 0.
Claim (xiii) D ≤ 1.038 and C < 1.142.
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Claim (xiv) e + g ≥ 0.72c + 0.315(a + i) by proving φ(1)19 < 0. This gives
h < 0.56c+ 0.37(a+ i).
Claim (xv) e ≥ 0.132 and C < 1.116.
Claim (xvi) B ≥ 1.265.
Final contradiction : For B ≥ 1.265, 1 < I ≤ A, 1 < C < 1.116, 1.25 < A ≤
1.3 we find that φ∗9 < 0.
Proposition 46. Case (6) i.e. A > 1, B > 1, C > 1, D > 1, E > 1, F ≤ 1,
G ≤ 1, H ≤ 1, I ≤ 1 does not arise.
Proof. Here B ≤ A < 2.1326324, C ≤ 2, D ≤ 1.5, E ≤ 4
3
.
Using the weak inequalities (1, 2, 2, 2, 1, 1), (2, 2, 2, 2, 1), (1, 2, 2, 2, 2), (2, 2, 2, 1, 2)
and (2, 1, 1, 2, 1, 2) we get
a + 2c+ 2e− 2g − h− i > 0 (6.23)
2b+ 2d− 2f − 2h− i > 0, (6.24)
a+ 2c+ 2e− 2g − 2i > 0 (6.25)
2b+ 2d− 2f − g − 2i > 0 (6.26)
2b+ c+ d− 2f − g − 2i > 0 (6.27)
Claim(i) E ≤ 1.155
Suppose E > 1.155. If B ≥ 1.5, we have E4ABCDI > E4(1.5)2(4
9
E) > 2.
Let now B < 1.5. Using (6.27) We have i < b + c+d
2






















We find that E4ABCDI > (1 + e)4(1 + a)(1 + b)(1 + c + d)(1 − i) > 2
for i, c + d as above and 0 < b < min{a, 0.5}, 0.155 < e ≤ a. Also φ∗8 =
4(x)1/4 + 4E − 1
2
E5xI + I − 9 > 0, where x = ABCD, has maximum at









3 +I < 0 for E > 1.08 and 0.46873 ≤ I ≤ 1.
This gives a contradiction.
Claim(ii) D ≤ 1.322






> 2. Now φ9 < 0 for H >
0.46873D, 1 < C < A and for A > B.
Claim(iii) C ≤ 1.498
Suppose C > 1.498, then C
3
DEF
> 2. If G2 > HI, then φ43 < 0 using
G > 0.46873C. If G2 < HI, then φ32 < 0 using HI > G
2, G ≥ 0.46873C
and B ≤ A < 2.14. Hence C ≤ 1.498.
Claim(iv) B ≤ 1.71









φ2 < 0. Let now
F 3
GHI
≤ 2. If H ≥ 0.58 then φ6 < 0 using F > 0.46873B. So
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. Using this lower bound
of I, G > 2
3









> 2. If 1 < A < 1.57, then φ∗4 < 0 using that φ
∗
4 has its
maximum at x = { 2
A5
} 54 . If E3
FGH
> 2, then φ26 < 0 for 0.46873 < I < 1,
1 < E < 1.155 and 1 < A < 2.14. Now consider A ≥ 1.57 and E3
FGH
< 2. If




0.657. Now φ5 < 0 for H > 0.657, F >
3
4




< 2. This gives A < (2BCD)1/3 < (2×1.71×1.498×1.322)1/3 <
1.893.
Claim(vi) B < 1.678
Working as in Claim(iv), we first get that F
3
GHI
≤ 2, H < 0.585. If
I > 0.56, we find that φ7 < 0 for G >
2
3
, F > 0.46873B and 1 < A < 2.14.






F > 0.46873B, B ≥ 1.678 and φ7 < 0 for I > 23G, 1.678 ≤ B ≤ A < 2.14.
Therefore we must have B < 1.678.
We divide the range of A into several subintervals and arrive at
a contradiction in each.
Case I: 1.71 ≤ A ≤ 1.893
Suppose first that E
3
FGH
< 2. As A
3
BCD
< 2, we get A4E4I < 4, which gives








Subcase I: B ≤ 1.55, C > 1.33
As C > each of {D,E, F,G,H, I}, the inequality (2, 7∗) holds and φ∗3 < 0
for B ≤ 1.47. So we can take B > 1.47. For F > 0.908, F 4ABCDE >
(0.908)4(1.71)(1.47)(1.33) > 2 and φ∗12 < 0. So we can take F < 0.908. For
E > 1.08, E4ABCDI > 0.46873E5ABC > 2 and φ∗8 < 0. So E < 1.08.
Now for D > 1.252, D
3
EFG
> 2 and φ9 < 0. So D < 1.252. Now φ10 < 0 for
1 < E < 1.08 and B < 1.55.




< 2, we get A < 1.7599, B > 1.421, C > 1.22, D > 1.212. As in









> 2 and φ9 < 0. This gives a contradiction.




< 2 gives A < 1.774, C > 1.189, D > 1.182. As in Subcase
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C > 1.255. Now using I > 2
3
G, we find that φ
(2)
19 < 0 for G > 0.82. So now
we have G < 0.82. For D > 1.182, we have D
3
EFG
> 2 and φ13 < 0. This gives
a contradiction.
Subcase IV: 1.55 < B ≤ 1.59, C > 1.33.
As above, we have F < 0.908, E < 1.08 and D < 1.252 and G < 0.8.
Now for D > 1.208, D
3
EFG
> 2 and φ9 < 0. Therefore D < 1.208. For these
bounds on A, B, C, D and E we find that φ10 < 0.
Subcase V: 1.59 < B ≤ 1.678, C > 1.43.
Here F < 0.908, E < 1.08 andD < 1.252 andG < 0.79. So forD > 1.239,
D3
EFG
> 2 and φ9 < 0. Therefore D < 1.239. Now φ10 gives D > 1.21,




> 2 and φ13 < 0.




< 2 gives C > 1.127, D > 1.04. Also we have F < 0.908,




We find φ7, 0 for G ≥ 0.77. Therefore we can take G < 0.77. For D > 1.198,
D3
EFG
> 2 and φ13 < 0. So we have D < 1.198. Then A < (2BCD)
1/3 < 1.792.
Now we get C > 1.35 by proving φ18 < 0. Further φ10 < 0 if either B ≤ 1.615
or C ≥ 1.416 orD ≤ 1.144. So we can take B > 1.615, C < 1.416, D > 1.144.
For D > 1.178, D
3
EFG
> 2 and φ13 < 0. So we have D < 1.178. Then
A < (2BCD)1/3 < 1.776. We repeat the cycle to get that C > 1.374,
B > 1.655 and C < 1.394. But then φ18 < 0. This gives a contradiction.
Case II: 1.6 < A ≤ 1.71
Subcase I: B ≤ 1.35
Suppose C < D, then we must have D > 1.23 as for C < D < 1.23 we get
A < (2BCD)1/3 < 1.6. For D > 1.23, we have φ∗1 < 0 as B < 1.35. Therefore







we get E4ABCDI > 2 for E > 1.093 and φ∗8 < 0. So C ≤ E ≤ 1.093 but
then A < (2BCD)1/3 < 1.6, a contradiction. Therefore we must have C > E.
Now C > each of{D,E, F,G,H, I}, therefore (2, 7∗) holds but then φ∗3 < 0.
This gives a contradiction.
Subcase II: 1.35 < B ≤ 1.4
Here also we will prove that C > D and C > E. First suppose C ≤ D,
then we must have D > 1.2, else A will be < 1.6. For D > 1.2, (1, 2, 6∗)
holds but φ∗2 < 0 for C < 1.13. When C > 1.13, and also E > 1.08,
E4ABCDI > (0.46873)E5(1.6)(1.35)(1.13)(1.2) > 2 but φ∗8 < 0. Also for
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F > 0.908, F 4ABCDE > 2 but φ∗12 < 0. Therefore we must have E < 1.08
and F < 0.908. Also G < 0.86 otherwise φ
(2)






> 2 and φ9 < 0 for D > 1.2. This gives a contradiction. So we must
have C > D.






e}, we get E4ABCDI > 2
for E > 1.105 and φ∗8 < 0. So we get E ≤ 1.105. Hence C ≤ 1.093 but then
A < (2BCD)1/3 < 1.6, a contradiction. Therefore we must have C > E.
Now C > each of{D,E, F,G,H, I}, therefore (2, 7∗) holds but then φ∗3 < 0.
This gives a contradiction.
Subcase III: B > 1.4, C > 1.35
Working as in subcase II we can take E < 1.08, F < 0.908. If D > 1.252,
then we find that D
3
EFG




φ11 < 0 if G > 0.75 and φ42 < 0 if H > 0.65. Therefore we can take G ≤ 0.75
and H ≤ 0.65. Then E3
FGH
> 2 for E > 1. So φ10, φ18 holds. We see that
φ10 < 0 if 1.4 < B ≤ 1.5.
If 1.5 < B ≤ 1.55, we see that φ10 < 0 if C ≥ 1.42 or D ≤ 1.205. So




φ13 < 0 if D > 1.22, C < 1.42 or D > 1.205, C < 1.39. So we can take
D < 1.22 and C > 1.39. Now for these bounds we see that φ10 < 0. This
gives a contradiction.
If 1.55 < B < 1.6, 1.35 < C < 1.4, then φ10 < 0 for D < 1.165, so we
can take D > 1.165. So D
3
EFG
> 2. But φ13 < 0 if D > 1.188 or C < 1.37 So
we can take D < 1.188, C > 1.37. Subsequently φ10 < 0 if C > 1.38 and
D < 1.18. So we can take D > 1.18, C < 1.38. Finally φ13 < 0. This gives
a contradiction.
Similarly we deal with the ranges 1.55 < B < 1.6, 1.4 < C < 1.465;
1.55 < B < 1.6, 1.465 < C < 1.498; 1.6 < B < 1.678, 1.35 < C < 1.4;
1.6 < B < 1.678, 1.4 < C < 1.45; 1.6 < B < 1.678, 1.45 < C < 1.498
separately and using the inequalities φ10, φ13 and φ18 get a contradiction in
each.
Subcase IV: B > 1.4, C ≤ 1.35, E3
FGH
> 2
Working as in Subcase III we get contradiction here.





Here FGH > 1
2
. Now φ6 < 0 for F ≥ 0.912 or H ≥ 0.676 and φ7 < 0
for G ≥ 0.822. So we can take F < 0.912, H < 0.676 and G < 0.822. Using
FGH > 1
2
we get F > 0.899 and H > 0.666. Now φ6 < 0.




≤ 2, D > 1.14
Here we can take F < 0.908 and FGH > 1
2
. We must have I > 0.523
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< 2 implies A4E4I < 4, i.e. E < 1.04. B
3
CDE








> 2 and φ13 < 0. Also F < 0.889 using φ15. It further gives
G < 0.82 and D < 1.1493. If E > 1.01, we get E
3
FGH
= E4ABCDI > 2 using
i < b + d − f − g
2
. So we must have E < 1.01 and finally for D > 1.14,
D3
EFG
> 2 and φ13 < 0.
Working similarly, we get a contradiction in the following subcases.




≤ 2, D ≤ 1.14




≤ 2, D > 1.14




≤ 2, D ≤ 1.14
Case III: 1 < A ≤ 1.16
If h + i < 1.5e + 0.465(a + d), we find that φ39 < 0 for 0 < e <
min{a, 0.155} and 0 < d < a. If h + i ≥ 1.5e + 0.465(a + d), we get from
(6.23) that g < a
2









for i < a
2
+ c + e − g, (from(6.25)), 0 < g < a
2
+ c + e − 1.5e+0.465(a+d)
2
,
0 < e < min{a, 0.155}, d ≤ a and 0 < c ≤ a.
Case IV: 1.16 < A ≤ 1.2
If h + i < 1.5e + 0.47(a + d), we find that φ39 < 0 for 0 < e < 0.155
and 0 < d < a. If h + i ≥ 1.5e + 0.47(a + d), then we get from (6.23)
that g < a
2




19 < 0 for i <
a
2
+ c + e − g,
0 < g < a
2
+ c + e− 1.5e+0.47(a+d)
2
, 0 < e < 0.155, d ≤ a and 0 < c ≤ 0.165.
So we can take c > 0.165. Also a ≥ c > 0.165. Now if f + h ≤ 0.66(b + d),
then φ
(1)
40 < 0 for 0 < d ≤ a, 0 < b ≤ a and 0.165 < a < 0.2. So we have
f + h > 0.66(b+ d). Now (6.24) gives i < 2(b+ d)− 2(f + h) < 0.68(b+ d).
Using i < 0.68(b + d), a ≥ c > 0.165, 0 < b < 0.2, 0 < d < 0.2, we get
E4ABCDI > 2 for E ≥ 1.102 and φ∗8 < 0. So E < 1.102. Now φ39 < 0 if
h+ i < 1.5e+0.546(a+ d). Therefore h+ i ≥ 1.5e+0.546(a+ d) which gives
g < a
2




19 < 0 for 0 < c ≤ a.
Case V: 1.2 < A ≤ 1.25





e, b + c+d
2
}, b ≤ a, E ≥ 1.1488 and φ∗8 < 0. So we can take
E < 1.1488. Now we have following claims:
Claim(i) C ≥ 1.13 and D > 1.045. Suppose c < 0.13. If h + i < 1.5e +
0.475(a+ d), then φ39 < 0. If h + i ≥ 1.5e + 0.475(a+ d), then φ(3)19 < 0. So
C > 1.13. Now φ∗10 < 0 for D ≤ 1.045. So we can take D > 1.045.
Claim(ii) g > 0.18 and g > 0.21 if e > 0.095. For 0 < e < 0.1488, 0 < g <
0.18, φ
(3)
19 < 0 and if 0.095 < e < 0.1488, then φ
(3)
19 < 0 for 0 < g < 0.21.
Claim(iii) D < 1.2199. Suppose D ≥ 1.2199. If 1 < E < 1.095, then
D3
EFG
> 2, using G < 1−g < 0.82. If 1.095 ≤ E < 1.1488, then D3
EFG
> 2, using
G < 1− g < 0.79. Also φ9 < 0 for D > 1, giving thereby a contradiction.
Claim(iv) f + h > 0.63(b + d), proving φ
(2)
40 < 0. Now (6.24) gives i <
0.74(b+ d).
Claim(v) E < 1.105. Using i < 0.74(b + d) we get E4ABCDI > 2 for
E ≥ 1.105, then φ∗8 < 0.
Claim(vi) f > 0.095 and D < 1.1793. For f ≤ 0.095 we get φ(1)22 < 0. So
F < 0.905. Now for D > 1.1793, D
3
EFG
> 2 and φ9 < 0.
Claim(vii) E < 1.073. Using (6.26) we get i < b + d − 0.095 − 0.18
2
, then
E4ABCDI > 2 for E > 1.073. Also φ10 < 0 for E ≥ 1.073.
Claim(viii) C > 1.17, D > 1.073 and B > 1.14.
Suppose C ≤ 1.17. If h + i < 1.5e + 0.6(a + d), then φ39 < 0. If h + i ≥
1.5e + 0.6(a + d), then φ
(3)
19 < 0. So C > 1.17. Now using φ
∗
10 we can take
D > 1.073. So D > E. Now φ∗1 < 0 for B < 1.14 and A > max{C, 1.2}.
Hence we can take B > 1.14.
Claim(ix) f + h > 0.663(b + d) and f > 0.135. Using φ
(2)
40 we get f + h >
0.663(b+ d), then (6.24) gives i < 0.674(b+ d). Now φ
(1)
22 < 0 for f ≤ 0.135.
Hence F < 1 − 0.135 = 0.865, Now for D > 1.151, D3
EFG
> 2 and φ9 < 0. So
we can take D ≤ 1.151.
Claim(x) E < 1.0425 proving E4ABCDI > 2 for i < b+ d− 0.135− 0.18
2
.
Using E < 1.0422, F < 0.865, G < 0.82, we get D
3
EFG
> 2, then φ9 gives
contradiction.
Claim(xi) g > 0.208 proving φ
(2)
19 < 0. So G ≤ 0.792, which further gives
D < 1.127.
Claim(xii) C > 1.205, D > 1.097 and B > 1.185.
Claim(xiii) f + h > 0.705(b+ d) and f > 0.152.
Claim(xiv) E < 1.024, D < 1.113.
Claim(xv) C < 1.235, proving φ∗10 < 0 for C ≥ 1.235.
Claim(xvi) C > 1.212, D > 1.103. If h + i < 1.82e + 0.652(a + d), then
φ39 < 0. If h + i ≥ 1.82e + 0.652(a + d), then φ(3)19 < 0 for C ≤ 1.212. So
C > 1.212. Now using φ∗10 we can take D > 1.103.
Final: Using φ
(2)
19 we get g > 0.23, i.e. G ≤ 0.77. Now for D > 1.103,
D3
EFG
> 2 and φ9 < 0.
Case VI: 1.25 < A ≤ 1.3
Subcase I: D > 1.15







b ≤ a and E ≥ 1.143. So we can take E < 1.143 using φ∗8. If h + i <
1.5e+0.468(a+ d), then φ39 < 0. If h+ i ≥ 1.5e+0.468(a+ d), then φ(3)19 < 0
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for C < 1.183. So we can take C ≥ 1.183. Now g > 0.195 proving φ(3)19 < 0.
So G < 1 − 0.195 = 0.805. Now for D > 1.226, D3
EFG
> 2 and φ9 < 0. So
D ≤ 1.226. Using φ(2)40 we get f+h > 0.602(b+d) and further i < 0.796(b+d),
which gives E < 1.092 and hence D < 1.207. Now f + h > 0.617(b+ d), i.e.
i < 0.766(b+d). Now φ
(1)
22 < 0 for f < 0.062. Hence F < 1−0.062 < 0.938. It
gives D < 1.182. Now proving E4ABCDI > 2 and φ10 < 0 we get E < 1.06.
Further we get g > 0.218 using φ
(2)
19 . It gives D < 1.159. φ
(1)
22 gives f > 0.09,
i.e. F < 0.91. Now for D > 1.15, D
3
EFG
> 2 and φ9 < 0.
Subcase II: 1 < D ≤ 1.15, C > 1.21
If 1 < D ≤ 1.08 and C > 1.21 we find that φ∗10 < 0. So we can take
D > 1.08. As in Subcase I, we have E < 1.143.
Claim(i) g > 0.215 otherwise φ
(2)
19 < 0




Claim(iii) f + h > 0.648(b+ d), i < 0.704(b+ d), otherwise φ
(2)
40 < 0.
Claim(iv) f > 0.115 otherwise φ
(1)
22 < 0.
Claim(v) E < 1.029 and D < 1.127
Claim(vi) g > 0.237 and D < 1.116.
Claim(vii) C < 1.262 otherwise φ∗10 < 0.
Claim(viii) f + h > 0.72(b+ d), otherwise φ
(2)
40 < 0.
Claim(ix) f > 0.155 otherwise φ
(1)
22 < 0.
Claim(x) E < 1.014 and D < 1.094
Claim(xi)C < 1.228 and B > 1.27. Since φ∗10 < 0 for C ≥ 1.228 or B ≤ 1.27.
Claim(xii) g > 0.25 otherwise φ
(2)
19 < 0
Claim(xiii) f + h > 0.757(b+ d), otherwise φ
(2)
40 < 0.






> 2 for D > 1.08 and φ9 < 0. This gives a contradiction.
Subcase III: 1 < D ≤ 1.08, C ≤ 1.21
Here E < 1.143. If h + i < 1.5e + 0.61(a + d), then φ39 < 0. If h + i ≥
1.5e + 0.61(a + d), then φ
(3)
19 < 0 for C < 1.161. So we can take C ≥ 1.161.
Now D > 1.045 and B > 1.22 otherwise φ∗10 < 0. Using this we get g > 0.205
by proving φ
(2)
19 < 0. For E > 1.077, E
4ABCDI > 2 for i < b + d − 0.205
2
and φ10 < 0. Next we get f + h > 0.75(b + d) and then f > 0.164. It
gives E < 1.023. Now if h + i < 1.79e + 0.68(a + d), then φ39 < 0. If
h + i ≥ 1.79e+ 0.68(a+ d), then φ(3)19 < 0 for c < 0.21.
Subcase IV: 1.08 < D ≤ 1.15, C ≤ 1.21
Here also we get contradiction by working similar to as in Subcase (III).
Case VII: 1.3 < A ≤ 1.35
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Subcase I: B ≤ 1.3, 1.2 < C ≤ 1.3
Here D > 1.08 for otherwise φ∗10 < 0. We get E







}, b ≤ a and E ≥ 1.1404. Then φ∗8 < 0. So we can take
E < 1.1404.
Claim(i) g > 0.205 otherwise φ
(2)
19 < 0
Claim(ii) D < 1.2195 as for D > 1.2195, D
3
EFG
> 2 and φ9 < 0
Claim(iii) E < 1.1 otherwise E4ABCDI > 2 using i < b+ d− g
2
and φ∗8 < 0.
Then D < 1.205
Claim(iv) g > 0.226 otherwise φ
(2)
19 and then D < 1.195
Claim(v) E < 1.075 and D < 1.185
Claim(vi) f + h > 0.598(b+ d), otherwise φ40 < 0.
Claim(vii) f > 0.056 otherwise φ22 < 0.
Claim(viii) D < 1.1625 as for D > 1.1625, D
3
EFG
> 2 and φ9 < 0
Claim(ix) E < 1.047 and D < 1.1533
Claim(x) f + h > 0.66(b+ d) and i < 0.68(b+ d).
Claim(xi) f > 0.128, F < 0.872 and then D < 1.123
Claim(xii) E < 1.019 and D < 1.113.
Claim(xiii) C < 1.255 and B > 1.2 as φ∗10 < 0 for C ≥ 1.255 or B ≤ 1.2.
Claim(xiv) f + h > 0.73(b+ d) and i < 0.54(b+ d).
Claim(xv) f > 0.16, F < 0.84 and then D < 1.099
Claim(xvi) E < 1.007 and D < 1.095.
Claim(xvii) C < 1.23 and B > 1.25 as φ∗10 < 0 for C ≥ 1.23 or B ≤ 1.25.
Claim(xviii) f + h > 0.755(b+ d) and i < 0.49(b+ d).
Claim(xix) f > 0.182, F < 0.818 and then D < 1.085
Finally we have E4ABCDI > 2 for E > 1 and i < b + d − f g
2
and φ10 < 0.
Hence we get a contradiction.
Subcase II: B ≤ 1.3, 1.3 < C ≤ A
Here D > 1.14 for otherwise φ∗10 < 0. As in Subcase I, we can take E <
1.1404.
Claim(i) g > 0.17 otherwise φ
(2)
19 < 0
Claim(ii) D < 1.25 as for D > 1.25, D
3
EFG
> 2 and φ9 < 0
Claim(iii) E < 1.089 using i < b+ d− g
2
and then D < 1.205
Claim(iv) g > 0.208 otherwise φ
(2)
19 < 0 and then D < 1.1993
Claim(v) E < 1.059 using i < b+ d− g
2
and then D < 1.189
Claim(vi) f + h > 0.645(b+ d), otherwise φ40 < 0.
Claim(vii) f > 0.123 otherwise φ22 < 0. Hence
D3
EFG
> 2 and φ9 < 0.
Subcase III: B ≤ 1.3, C ≤ 1.2, D > 1.13
Here also E < 1.1404
Claim(i) g > 0.185 otherwise φ
(2)
19 < 0
Claim(ii) D < 1.2301 as for D > 1.2301, D
3
EFG
> 2 and φ9 < 0
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Claim(iii) h+ i > 1.5e+ 0.43(a+ d) otherwise φ39 < 0.
Claim(iv) C > 1.13 otherwise φ19 < 0.
Claim(v) g > 0.205 otherwise φ
(2)
19 < 0 and then D < 1.2195
Claim(vi) E < 1.102 using i < b+ d− g
2
and then D < 1.2056
Claim(vii) f + h > 0.63(b+ d), otherwise φ40 < 0.
Claim(viii) f > 0.075 otherwise φ22 < 0 and D < 1.175.
Claim(ix) E < 1.062 using i < b+ d− f − g
2
and then D < 1.161
Claim(x) h+ i > 1.5e+ 0.62(a+ d) otherwise φ39 < 0.
Claim(xi) C > 1.19 otherwise φ19 < 0.
Claim(xii) f + h > 0.64(b+ d), otherwise φ40 < 0.
Claim(xiii) f > 0.11 otherwise φ22 < 0 and D < 1.146.
Claim(xiv) E < 1.035 using i < b+ d− f − g
2
and then D < 1.136
Claim(xv) h + i > 1.65e+ 0.639(a+ d) otherwise φ39 < 0.
Finally φ19 < 0.
Subcase IV: B ≤ 1.3, C ≤ 1.2, D ≤ 1.13
Proof is similar.
Subcase V: B > 1.3, C > 1.3
Here D > 1.122 otherwise φ∗10 < 0. Also E < 1.1404. For F > 0.9491,
F 4ABCDE > 2 and φ∗12 < 0. So F ≤ 0.9491. g > 0.135 otherwise φ(3)19 < 0.
So G < 0.865, which gives D < 1.24 otherwise D
3
EFG
> 2 and φ9 < 0. It gives
E < 1.07. It further gives g > 0.205. If E
3
FGH
> 2, then φ10 < 0 for E > 1.
So we can have E
3
FGH
≤ 2, i.e H ≥ 1
2FG
> 0.66. Now if D
3
EFG




≤ 2. Now using i < b+ d− f − g
2
, we find E
3
FGH
= E4ABCDI > 2
for E ≥ 1.05. So we can take E < 1.05 and so D < 1.166. Repeating
the cycle we get D < 1.1497. Now C < 1.313 otherwise φ∗10 < 0. We get
f + h > 0.655(b + d) using φ40 < 0. Now φ
(3)
22 < 0 for 0 < f ≤ 0.12. So we
can take f > 0.12. Finally we have D
3
EFG
> 2 for D > 1.122 and φ9 < 0. This
gives contradiction.
Subcase VI: B > 1.3, 1.2 < C ≤ 1.3, D > 1.14
Here E < 1.1404. For F > 0.9666, F 4ABCDE > 2 and φ∗12 < 0. So
F < 0.9666. Now D
3
EFG
> 2 for D > 1.302 and φ9 < 0, so we get D < 1.302.
Further we get g > 0.2 otherwise φ
(3)
19 < 0. With this we get D < 1.208 and
E < 1.082. With these improved values we get g > 0.21, E < 1.075 and
D < 1.1795. Now φ40 gives f + h > 0.635(b+ d), i.e. i < 0.73(b + d). Now
φ22 gives f > 0.07, i.e. F < 0.93. Now D < 1.165 and E < 1.055. Repeating
this cycle we get a contradiction.
Subcase VII: B > 1.3, 1.2 < C ≤ 1.3, D ≤ 1.14
Here also E < 1.1404. Also D > 1.053 otherwise φ∗10 < 0. Now for
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F > 0.9838, F 4ABCDE > 2, so proving φ∗12 < 0 we get F < 0.9838. We
have






≤ 2 for otherwise φ10 < 0 for E > 1 gives a contradiction.
So we can take FGH > 1
2
. Also E < 1.069 otherwise E4ABCDI > 2 using
i < b+ d− f − g
2
.
Claim(iii) f + h > 0.652(b+ d) otherwise φ40 < 0, i.e. i < 0.696(b+ d).
Claim(iv) f > 0.118 otherwise φ
(3)












Claim(vi) f + h > 0.668(b+ d) and i < 0.664(b+ d).












> 2 for E > 1. Then C < 1.249 for D < 1.111, E < 1.02
and F < 0.855.
Claim(ix) f + h > 0.698(b+ d) and i < 0.604(b+ d).
Claim(x) f > 0.18 otherwise φ
(3)
22 < 0 and so
C3
DEF
< 2 implies C < 1.22.
Claim(xi) f + h > 0.735(b+ d) and i < 0.53(b+ d).




< 2 implies C < 1.2, a contradiction.
Subcase VIII: B > 1.3, C ≤ 1.2.
Proof is similar.
Case VIII: 1.35 < A ≤ 1.4
Subcase I: B ≤ 1.26
Proving φ∗3 < 0 we get C < D or C < E. First suppose C < D, then we have
Claim(i) g > 0.17 otherwise φ19 < 0.
Claim(ii) D < 1.245 as for D ≥ 1.245, D3
EFG
> 2 and φ9 < 0. So C < D <
1.245.
Claim(iii) f + h > 0.665(b+ d) otherwise φ40 < 0. It gives i < 0.67(b+ d).
Claim(iv) E < 1.104 using i < 0.67(b+ d) and proving φ∗8 < 0.
Claim(v) C < D < 1.224 as for D > 1.224, D
3
EFG
> 2 and φ9 < 0.
Claim(vi) f > 0.155 otherwise φ22 < 0. This gives C < D < 1.157.
Claim(vii) E < 1.055, this gives C < D < 1.1396.
Claim(viii) h+ i > 1.5e+ 0.63(a+ d) otherwise φ39 < 0.
Now φ19 < 0. This gives a contradiction.
Working similarly we get a contradiction when C < E.
Subcase II: 1.26 < B ≤ 1.35, 1 < C ≤ 1.144
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If D > E, then φ∗2 < 0. So D < E < 1.155. It gives f + h > 0.7(b+ d), i.e.
i < 0.6(b+ d). Using this we get E4ABCDI > 2 for E > 1.09. So E < 1.09
by proving φ∗8 < 0. For D < E < 1.09 we get h + i > 1.5e + 0.645(a + d).
For this we get φ19 < 0.
Subcase III: 1.26 < B ≤ 1.35, 1.144 < C ≤ 1.26
Claim(i) g > 0.205 otherwise φ
(3)
19 < 0.
Claim(ii) D < 1.225 as for D > 1.225, D
3
EFG
> 2 and φ9 < 0.
Claim(iii) f + h > 0.615(b+ d)
Claim(iv) E < 1.088 using i < 0.77(b+ d). It further gives D < 1.2005.
Claim(v) f + h > 0.647(b+ d) and i < 0.706(b+ d).
Claim(vi) f > 0.12 and D < 1.151.
Claim(vii) E < 1.036 using i < b+ d− f − g
2
. Then D < 1.1318.
Claim(viii) f + h > 0.688(b+ d) and i < 0.624(b+ d).
Claim(ix) f > 0.17 and D < 1.1099.
Claim(x) E < 1.017
Claim(xi) g > 0.212, G < 0.788 and D < 1.0999
Claim(xii) C ≤ 1.21. For if C > 1.21, then for E > 1, E4ABCDI > 2 and
φ10 < 0. Now f + h > 0.735(b+ d), f > 0.2 and D < 1.087. If b < 0.32, then
also E4ABCDI > 2. So B > 1.32. Then φ22 < 0 for f < 0.21. So f > 0.21
then also E4ABCDI > 2 for E > 1, but φ10 < 0. This gives a contradiction.
Subcase IV: 1.26 < B ≤ 1.35, 1.26 < C ≤ A, C3
DEF
> 2.
φ11 and φ42 gives G < 0.78 and H < 0.6. It gives D < 1.25 as for D > 1.25,
D3
EFG
> 2 and φ9 < 0. Also for E > 1,
E3
FGH
> 2 and φ10 < 0.
Subcase V: 1.26 < B ≤ 1.35, 1.26 < C ≤ 1.35, C3
DEF
≤ 2.
Here D > 1.095 otherwise φ∗10 < 0. For F > 0.9609, we get F
4ABCDE >
2 and φ∗8 < 0. For E > 1.127, E
4ABCDI > 2 using I > 0.46873E. and




φ9 < 0. So D < 1.294. Now we have following claims:
Claim(i) G < 0.91 using φ19
Claim(ii) D < 1.254
Claim(iii) f + h > 0.59(b+ d) and i < 0.82(b+ d)
Claim(iv) E < 1.084
Claim(v) D < 1.238 as for D > 1.238, we get D
3
EFG
> 2 and φ9 < 0
Claim(vi) g > 0.195 and G < 0.805 using φ19. then we get D < 1.189.
Claim(vii) f + h > 0.62(b+ d), i.e. i < 0.76(b+ d)




< 2 implies C < 1.338. This gives f + h > 0.635(b + d), i.e.
i < 0.73(b+ d).




< 2 implies C < 1.306.
Claim(x) E < 1.025 and D < 1.146. Then C < 1.289.
Claim(xi) f + h > 0.675(b+ d), i.e. i < 0.65(b+ d)
Claim(xii) f > 0.17, F < 0.83
C3
DEF
< 2 implies C < 1.26. This gives a contradiction.
Subcase VI: 1.26 < B ≤ 1.35, 1.35 < C ≤ A, C3
DEF
≤ 2.
φ∗10 implies D > 1.15. For F > 0.933, we get F
4ABCDE > 2 and for E >
1.101, E4ABCDI > 2 using I > 0.46873E. φ∗8 and φ
∗
12 implies F < 0.933
and E < 1.101. For D > 1.272, D
3
EFG
> 2 and φ9 < 0. So D < 1.272.
Now φ19 gives G < 0.88. Now D < 1.219.
C3
DEF
< 2 implies C < 1.359,
D > 1.198. Now we get for F > 0.924, F 4ABCDE > 2 and for E > 1.092,
E4ABCDI > 2 using I > 0.46873E. φ∗8 and φ
∗
12 implies F < 0.924 and
E < 1.092. C
3
DEF
< 2 implies C < 1.35.
Subcase VII: B > 1.35, C ≤ 1.2
If D > E, (2, 1, 6∗) holds but φ∗1 < 0. Therefore D ≤ E.
Claim(i) g > 0.165 using φ
(1)
19 and D ≤ E < 1.155.
Claim(ii) f + h > 0.65(b+ d), i.e. i < 0.7(b+ d) using φ
(3)
40 .
Claim(iii) f > 0.18, i.e F < 0.82 using φ
(2)
40
Claim(iv) E < 1.068 using i < b+ d− f − g
2
.
Claim(v) h+ i > 1.75d+ 0.64(a+ e) using φ39.
Claim(vi) C > 1.16 using φ19.
Repeating the cycle with this improved C we get g > 0.215, D ≤ E < 1.015.
It gives h + i > 1.95d + 0.7(a + e) otherwise φ39 < 0. Then φ19 < 0 if
C ≤ 1.175. So C > 1.175. Finally we get φ∗2 < 0.
Subcase VIII: B > 1.35, 1.2 < C ≤ 1.25
Claim(i) g > 0.2 otherwise φ
(1)
19 < 0.
Claim(ii) F < 0.978, for if F > 0.978, then F 4ABCDE > 2 and φ∗12 < 0.





1.155×0.8×0.9798 > 2 and φ13 < 0, so D < 1.219.
Claim(iv) E < 1.097. Using i < b + d − f − g
2
we get E4ABCDI > 2 for
E > 1.097 and φ∗8 < 0 so E < 1.097 which further gives D < 1.198.
Claim(v) F < 0.955 and H < 0.76 using φ44.
Claim(vi) g > 0.212
Claim(vii) E < 1.045 and D < 1.162
Claim(viii) f + h > 0.655(b+ d) otherwise φ40 < 0, i.e. i < 0.69(b+ d).




> 2 and φ10 < 0.
Subcase IX: B > 1.35, 1.25 < C ≤ A
Proof is similar.
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Case IX: 1.4 < A ≤ 1.5
Subcase I: 1 < B ≤ 1.29
If C > each of {D,E, F,G,H, I}, then φ∗3 < 0, which gives a contradiction.
So we have either C < D or C < E. Suppose first that C < D, i.e. C < D <
1.322. We have following claims:
Claim(i) E < 1.118
Claim(ii) D < 1.308 as for D ≥ 1.308, D3
EFG
> 2 and φ9 < 0.
Claim(iii) g > 0.16 and D < 1.234. For g < 0.16, φ
(2)
19 < 0. So G < 1−0.16 =
0.84, which gives D < 1.234.
Claim(iv) f + h > 0.66(b+ d), by proving φ
(2)
40 < 0.
Claim(v) f > 0.16 by proving φ
(1)
22 < 0 for f < 0.16.
Claim(vi) D < 1.165, as for D > 1.165, D
3
EFG
> 2 and φ9 < 0.
Claim(vii) E < 1.05, otherwise proving E4ABCDI > 2 and φ41 < 0.
It further gives D < 1.141.
Claim(viii) h+ i > 1.5e+ 0.6(a+ d) otherwise proving φ39 < 0.
Claim(ix) C > 1.1, as φ
(3)
19 < 0 for C ≤ 1.1.
Claim(x) f + h > 0.735(b+ d), otherwise proving φ
(2)
40 < 0.
Claim(xi) f > 0.19 by proving φ
(1)
22 < 0 for f < 0.19.
Claim(xii) D < 1.127, as for D > 1.127, D
3
EFG
> 2 and φ9 < 0.
Now φ39 < 0. This gives a contradiction.
Proceeding similarly we get contradiction if C < E.
Subcase II: 1.29 < B ≤ 1.4, C ≤ 1.2
Here we have g > 0.17 using φ
(1)
19 . Using i <
a
2
+ c + e − 0.17
2
and φ∗8 we get
E < 1.08. Now D < 1.215 as for D > 1.215, D
3
EFG
> 2 and φ13 < 0. Proving
φ
(2)
40 < 0 we get f + h > 0.652(b + d), i.e. i < 0.696(b + d). Using φ
(1)
22 we
get f > 0.19, i.e. F < 0.81. Now proving D
3
EFG
> 2 and φ13 < 0 we get
D < 1.133. Now φ∗11 gives C > 1.12. We further get g > 0.205 using φ
(1)
19
and then E < 1.015, D < 1.094. By proving f + h > 0.73(b + d), we get
f > 0.215, i.e. F < 0.785 and D < 1.083. E4ABCDI > 2 for B < 1.38 or
C > 1.13. Also φ18 < 0 for E > 1. So we get B > 1.38 and C < 1.13. Now
φ∗11 < 0, a contradiction.
Subcase III: 1.29 < B ≤ 1.4, 1.2 < C ≤ 1.25
Working as above we get a contradiction in this subcase also.
Subcase IV: 1.29 < B ≤ 1.4, 1.25 < C ≤ 1.498, E3
FGH
> 2.
Here φ10 gives D > 1.21. Now F
4ABCDE > 2 for F > 0.926 and φ∗12 < 0.
So F < 0.926. For E > 1.094, E4ABCDI > 2 and φ∗8 < 0, so E < 1.094.
Now for D > 1.266, D
3
EFG
> 2 and φ9 < 0, so D < 1.266. Further φ10 implies
C < 1.355 and then G < 0.905 using φ219. It further gives D < 1.23 and
C < 1.285 using φ9 and φ10 respectively. For these values φ18 gives that
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B < 1.368. Now φ10 < 0.





Here φ11 gives G < 0.8 and φ42 gives H < 0.62. So
E3
FGH
> 2 for E > 1, a
contradiction.





Using φ∗10 we get D > 1.068. Now F
4ABCDE > 2 for F > 0.955 and
φ∗12 < 0, so F < 0.955. For E > 1.121, we have E
4ABCDI > 2 and φ∗8 < 0,
so E < 1.121. Now for D > 1.289, D
3
EFG
> 2 and φ9 < 0, so D < 1.289.
Now φ
(1)




B < 1.35, φ9 < 0 and for B > 1.35, φ13 < 0. So we have D < 1.2099.
For E > 1.067 and i < b + d − f − g
2
, we get E
3
FGH
= E4ABCDI > 2, a
contradiction. So We have E < 1.067. It further gives g > 0.195, D < 1.1795
and E < 1.053. Then f + h > 0.63(b + d) otherwise φ
(3)
40 < 0. Therefore








φ9 < 0. So D < 1.169. Now repeating this cycle we get F < 0.91, E < 1.028,
D < 1.147, which gives C < (2DEF )
1
3 < 1.2899. Then f + h > 0.65(b+ d),
f > 0.14, E < 1.01, D < 1.112 and hence C < 1.25.





Here we have the following:
Claim(i) D > 1.1 otherwise φ∗10 < 0.
Claim(ii) E < 1.106 otherwise φ∗8 < 0.
Claim(iii) F < 0.939 otherwise φ∗12 < 0. Then C < (2DEF )
1
3 < 1.401
Claim(iv) D < 1.276 otherwise φ9 < 0.




Claim(vi) E < 1.0875 otherwise φ∗8 < 0. Now C < 1.377.
Claim(vii) D < 1.225 otherwise φ9 < 0. Then C < 1.358.
Claim(viii) g > 0.226 otherwise φ319 < 0.
Now FGH > 1
2
implies H > 0.687.
Claim(ix) D < 1.165 otherwise φ9 < 0 using H > 0.687.
Claim(x) E < 1.026
Claim(xi) D < 1.143
Then E < 1.0215 and hence C < (2DEF )
1
3 < 1.3, a contradiction.
Subcase VIII: 1.4 < B ≤ 1.5, 1 < C ≤ 1.185
If D > max{E, F,G,H, I}, then φ∗2 < 0. So we can take D < E < 1.155.
Now φ∗11 < 0.





Claim(i) C > 1.28 otherwise φ18 < 0.
Claim(ii) D > 1.17 otherwise φ10.
Claim(iii) E < 1.08 as for E > 1.08, E4ABCDI > (1.08)4 × 1.42 × 1.28 ×
1.17× 0.46873 > 2 and φ∗8 < 0
Claim(iv) F < 0.909 as for F > 0.909, F 4ABCDE > 2 and φ∗12 < 0
Claim(v) D < 1.253 as for D > 1.253, D
3
EFG
> 2 and φ9 < 0 Claim(vi)
C > 1.297 otherwise φ18 < 0.
Claim(vii) D > 1.178 otherwise φ18 < 0.
Claim(viii) G < 0.865 otherwise φ219 < 0.
Claim(ix) D < 1.205 otherwise φ13 < 0.
Claim(x) B > 1.45 otherwise φ18 < 0.
Claim(xi) E < 1.0599 as for E > 1.0599, E4ABCDI > 2 and φ18 < 0




> 2 and φ13 < 0
Subcase X: 1.4 < B ≤ 1.5, 1.35 < C ≤ 1.498, E3
FGH
> 2
Here E < 1.08, F < 0.908, D < 1.253. If D ≤ 1.21 or C ≥ 1.42 we find
that φ18 < 0; so we have D > 1.21 and C < 1.42 . If G ≥ 0.85 we find
φ219 < 0. So we must have G < 0.85. Now
D3
EFG
> 2 for D > 1.21. By proving
φ9 < 0 we have D < 1.235. Next we find φ10 < 0 for C ≥ 1.4. So we have
C < 1.4. Now φ13 < 0 for B ≥ 1.455 or C < 1.358. So we have B < 1.455
and C > 1.358. Finally φ10 < 0. This gives a contradiction.





If H ≥ 0.66 or F ≥ 0.91 we find φ6 < 0. So H < 0.66 and F < 0.91. If
G ≥ 0.81, we see that φ7 < 0. Therefore G < 0.81. Now E3FGH > 2 for E > 1,
a contradiction.




≤ 2, 1.185 < C ≤ 1.25,
D > 1.16
Here we have
Claim(i) E < 1.097 as for E > 1.097, E
3
FGH
= E4ABCDI > (1.097)4× 1.42×
1.185× 1.16× 0.46873 > 2.
Claim(ii) F < 0.929 as for F > 0.929, F 4ABCDE > 2 and φ∗12 < 0
Claim(iii) g > 0.2 otherwise φ319 < 0.
Claim(iv) D < 1.178 as for D > 1.178, D
3
EFG
> 2 and φ13 < 0.
Claim(v) B < (2CDE)1/3 implies B < 1.479.
Now using i < b+d−f − g
2
, we get E
3
FGH
= E4ABCDI > 2 for E > 1.063. So




for D > 1.16 and φ13 < 0.




≤ 2, 1.185 < C ≤ 1.25,
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1.1 < D ≤ 1.16
Here we have
Claim(i) g > 0.21 and F > 0.9407.
Claim(ii) E < 1.065. As for i < b + d − f − g
2
and E > 1.065, we find that
E3
FGH
= E4ABCDI > 2. Now B < (2CDE)1/3 implies B < 1.457, which
further gives E < 1.058.
Claim(iii) f + h > 0.637(b+ d) otherwise φ
(3)
40 < 0, i.e. i < 0.726(b+ d).
Claim(iv) f > 0.105 otherwise φ
(3)
22 < 0. Now we get E < 1.038.
Claim(v) D < 1.137 as for D ≥ 1.137, we find D3
EFG
> 2 and φ13 < 0. Now
B < 1.435.
Claim(vi) f + h > 0.658(b+ d) so i < 0.684(b+ d).
Claim(vii) f > 0.18 otherwise φ
(3)
22 < 0.
Now for i < b+d−f − g
2
and E ≥ 1.01, we find that E3
FGH
= E4ABCDI > 2.
So E < 1.01.
Finally for D > 1.1, we find D
3
EFG
> 2 and φ13 < 0. This gives a contradiction.




≤ 2, 1.185 < C ≤ 1.25,
1.0 < D ≤ 1.1
Here g > 0.21, E < 1.1294, F < 0.9634. It gives B < 1.4591 and further
E < 1.055. Again using B < (2CDE)1/3 we have B < 1.427. Now using φ
(3)
40
we get f + h > 0.67(b + d), i.e. i < 0.66(b + d). φ
(3)
22 gives f > 0.185. Now
using i < b+ d− f − g
2
, we get E4ABCDI > 2 for E > 1, a contradiction.




≤ 2, C > 1.25, C3
DEF
> 2
Here φ11 gives G < 0.8 and φ42 gives H < 0.67. Also for F > 0.951,
F 4ABCDI > 0.9514×1.42×1.25 > 2. So F < 0.951 using φ∗12. E3 < 2FGH
implies G > 1
2FH




we get contradiction as in Subcase III.







Working as above we get contradiction here.
Case X: 1.5 < A ≤ 1.6
Subcase I: B ≤ 1.35






e} and for E > 1.113 we get E4ABCDI > 2.






> 2 and φ9 < 0.
So we have D < 1.307. If C > each of{D,E, F,G,H, I}, then φ∗3 < 0. So
we must have C < D or C < E. If D < 1.115, then C < 1.115 and so
A < (2BCD)1/3 < (2 × 1.35 × 1.115 × 1.115)1/3. So D ≥ 1.115 > E. So
(2, 1, 6∗) holds. But φ∗1 implies B > 1.31. Now if C > 1.25, then D > 1.25.
For E > 1.069, we have E4ABCDI > (0.46873)(1.069)5(1.5)(1.31)(1.25)2 >
2 and for F > 0.9 we have F 4ABCDE > 2. Using φ41 we get E < 1.069 and
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using φ20 we get F < 0.9. So
D3
EFG
> 2 and using φ9 we get contradiction.
So we have C < 1.25. Now φ∗1 implies B > 1.32 and A < 1.555, then φ
∗
2
implies C > 1.145. Now we have F < 0.941 as F 4ABCDE > 2 and φ∗12 < 0,
it further gives D < 1.2795. Using i < a
2
+ c+ e− g and φ19 we get g > 0.255
and further we get D < 1.16. Now φ∗1 implies B > 1.332 and A < 1.529.
Now φ∗1 < 0. Now suppose C < E. If D < E, then A < (2BCD)
1/3 < 1.5. If
D > E, then φ∗1 implies B > 1.31 and for this φ
∗
2 < 0.
Subcase II: 1.35 < B ≤ 1.45, C > 1.35
φ∗10 implies D > 1.125. Then using φ
∗
12 we have F < 0.908 and using φ
∗
8
we get E < 1.08. Now for D > 1.25, D
3
EFG









Subcase III: 1.35 < B ≤ 1.45, C ≤ 1.35, E3
FGH
> 2
We see that φ18 < 0 for 1 < C < 1.225. Now consider 1.225 < C < 1.35.
Here φ10 < 0 for D < 1.19.So D > 1.19 Then we will have F < 0.908 and
E < 1.08. Now φ
(2)
19 gives G < 0.862. For D > 1.21,
D3
EFG
> 2 and φ9 < 0,
so we have D < 1.21. Now φ10 implies B > 1.43, C < 1.3 and E < 1.065.
Finally φ13 < 0.





Using φ6 and φ7, we have F < 0.93, G < 0.84, H < 0.683. Here FGH >
1
2
, which gives F > 0.871 and H > 0.64. Now φ6 < 0.
Subcase V: 1.35 < B ≤ 1.45, C ≤ 1.155
For D > E, φ∗2 < 0. Do D < E. For E < 1.06 we get A < 1.5. So E > 1.06.
Now using i < a
2
+ c+ e− g, φ19 gives g > 0.2. φ44 gives H < 0.84. Now we
get contradiction as FGH < 1
2
.
Subcase VI: 1.35 < B ≤ 1.45, 1.155 < C ≤ 1.25, D ≤ 1.14
Here E < 1.128 using I > 0.46873E and φ∗8. Using φ
∗
12, we have F < 0.9617.
Using φ19 we have g > 0.17 and further E < 1.07. Now φ
(2)
42 implies f + h >




working like this we get contradiction.
Subcase VII: 1.35 < B ≤ 1.45, 1.155 < C ≤ 1.25, D > 1.14.
Claim(i) F < 0.931 otherwise φ∗12 < 0
Claim(ii) E < 1.099 otherwise φ∗8 < 0
Claim(iii) g > 0.185 otherwise φ19 < 0
Claim(iv) D < 1.186 otherwise φ9 < 0
Claim(v) E < 1.064 and D < 1.174




Claim(vii) f > 0.11 otherwise φ
(2)
22 < 0
Claim(viii) D < 1.156 otherwise φ9 < 0
Claim(ix) E < 1.038 and F < 0.86
Claim(x) D < 1.14 otherwise φ9 < 0.
Working similarly we get contradiction in following subcases also.
Subcase VIII: 1.35 < B ≤ 1.45, 1.25 < C ≤ 1.25, D > 1.14
Subcase IX: 1.35 < B ≤ 1.45, 1.25 < C ≤ 1.25, D > 1.14




Claim(i) C < 1.285. Here φ18 < 0.
Claim(ii) 1.285 < C < 1.325, B > 1.5. Here E < 1.08, F < 0.912 and then
D < 1.254 using φ9. then φ18 < 0.
Claim(iii) 1.285 < C < 1.325, B < 1.5. φ∗10 gives D > 1.05. φ45 gives
G < 0.855 (using I > 2
3
G). Then E < 1.08, F < 0.909 and D < 1.1885. Now
we get contradiction using φ18 and φ10.
Claim(iv) 1.325 < C < 1.4, B > 1.5
Claim(v) 1.325 < C < 1.4, B < 1.5
Claim(vi) 1.4 < C < 1.498






If F ≥ 0.89 or H ≥ 0.65, one finds φ6 < 0 and if H ≥ 0.65, φ7 < 0.













> 2 or E
3
FGH




< 2 and E
3
FGH
< 2. If I < 0.52, then FGH < 1
2














≤ 2, C < 1.25
If D > E, then φ∗2 < 0. If D < E < 1.155, then B < (2CDE)
1
3 < 1.51





≤ 2, C < 1.22
As above, D < E. B
3
CDE
< 2 implies D > 1.08. For I > 0.46873E,









≤ 2, 1.22 < C < 1.25
For I > 0.46873E, and for E > 1.0997, E4ABCDI > 2, so E < 1.0997
as φ∗8 < 0.
B3
CDE
< 2 implies D > 1.108. Then E < 1.078 and F < 0.908.
Now we get G < 0.83 by proving φ45 < 0. Now D < 1.176, E < 1.045 and
B < 1.45, a contradiction.
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1.25 < C < 1.498.
The Theorem, i.e. Conjecture III for n = 9, follows from Propositions 1-46.
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